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Resumo 

A compreensão das características morfo-funcionais que definem a articulação coxo-femoral é fulcral 

não só na definição exacta de apresentações patológicas da mesma, nomeadamente conflito femoro-

-acetabular (CFA) e displasia da anca, como também na idealização de próteses. MacConaill introdu-

ziu a ideia de que as articulações sinoviais são mais bem representadas por formas ovais, 

contrariando a noção ainda hoje enraizada no seio da comunidade ortopédica de que a esfera é a 

melhor representação destas superfícies.  

Este trabalho visa testar a hipótese de MacConaill, usando uma estrutura computacional de apro-

ximação de superfícies para avaliar a qualidade de ajuste da representação implícita de um conjunto 

de modelos semelhantes a esferas à cabeça femoral e ao acetábulo. Os dados geométricos destas 

estruturas foram extraídos de conjuntos de tomografia computorizada e ressonância magnética, tendo 

o seu tratamento envolvido segmentação de imagem com recurso a técnicas de active contour, ope-

rações de suavização e decimação, e ajuste dos modelos canónicos de superfícies às nuvens de 

pontos, com base em algoritmos genéticos. 

O estudo compreendeu: (i) ajuste de 10 modelos canónicos a uma população de 11 indivíduos as-

sintomáticos; e (ii) comparação entre ancas assintomáticas e patológicas, a partir do ajuste de três 

superfícies – esfera, elipsoide e elipsoide cónica – a um conjunto de três populações de 20 indiví-

duos, enquadradas nas categorias de assintomáticos, CFA e displasia. A análise estatística dos erros 

de ajuste para ambos os estudos revelou uma melhor aproximação das superfícies não-esféricas, 

nomeadamente ovais e elipsoides cónicas, a ambas as superfícies articulares, em particular nos ca-

sos patológicos. 

 

Palavras-chave: aproximação de superfícies, superfícies implícitas, morfologia da articulação coxo-

femoral, (super)quádricas, conflito femoro-acetabular, displasia da anca. 
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Abstract 

Understanding the morpho-functional features characterizing a normal hip joint is critical and neces-

sary for a more comprehensive definition of pathological presentations, such as femoroacetabular 

impingement (FAI) and hip dysplasia, and improved designs of prosthetic devices. MacConaill intro-

duced the notion, based on anatomical observations, that the articular surfaces of synovial joints are 

better represented by ovoidal shapes, in comparison with the still very well-established within the 

orthopaedic community spherical shape.  

This work aims at testing MacConaill’s hypothesis by using a surface fitting framework to assess 

the goodness-of-fit of a set of implicitly represented sphere-like shapes (sphere, ellipsoid, rotational 

ellipsoid, tapered ellipsoid, superellipsoid, Barr’s superellipsoid, Barr’s tapered superellipsoid, ovoid, 

superovoid, rotational conchoid) to the articular surfaces of the femoral head and the acetabular cavi-

ty, whose anatomical and geometrical raw data were obtained from computed tomography (CT) and 

magnetic resonance imaging (MRI) data sets. The framework involved image segmentation with active 

contour methods, mesh smoothing and decimation, and surface fitting to point clouds performed with 

genetic algorithms. 

The study included two stages: (i) application of the surface fitting procedure on an asymptomatic 

population of 11 subjects, using 10 canonical shapes; and (ii) comparison of asymptomatic and patho-

logical hips, by fitting a sphere, an ellipsoid, and a tapered ellipsoid to three populations 

(asymptomatic, FAI and dysplasia) of 20 subjects each. The statistical analysis of the surface fitting 

errors for both studies revealed the superior approximation of non-spherical shapes, namely ovoids 

and tapered ellipsoids, to both articular joint surfaces, especially in the pathological cases. 

 

Keywords: surface fitting, implicit surfaces, hip joint morphology, (super)quadrics, femoroacetabular 

impingement, hip dysplasia. 
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Chapter I 

Introduction 

1.1 Motivation 

Diseases affecting one’s ability to move, namely to walk, have a considerable impact on one’s quality 

of life. Addressing these conditions becomes increasingly important given the progressive ageing that 

today’s societies are experiencing. It is especially critical to focus on illnesses which manifest relatively 

early in life, such as morphological conditions of the hip joint, where femoroacetabular impingement 

(FAI) and dysplasia can be included. These morphological variations of the anatomy of the hip joint 

have been suggested to help describe the lesion mechanism of the articular cartilage and progress 

towards osteoarthritis (OA) (Laborie et al., 2013; Mascarenhas et al., 2015; Mascarenhas et al., 2016; 

Rego et at., 2011), which in addition to being painful, diminishes the patient’s ability to walk, and 

ultimately requires surgical treatment. The investigation and grasp of these conditions are of great 

importance given their prevalence in the general population, especially in asymptomatic individuals. It 

has been estimated that FAI affects bteween 10% and 15% of the general adult population (Laborie et 

al., 2011). Frank et al. (2015) performed a systematic review which suggested that young athletes 

present a prevalence of cam-type FAI twice as high as the general populaiton, corresponding to a 

percentage of approximately 55% from a set of 2114 asymptomatic hips. The same study revealed 

that pincer-type FAI was present in 67% of the asymptomatic hips considered in the 26 studies 

comprising the review. Regarding hip dysplasia prevalence in adults, it exhibits high variablity amongst 

different racial groups, going from aprroximately 6% to 21% (Loder and Skopelja, 2011). Considering 

the young age of patients manifesting FAI or dysplasia, they are highly electable for hip conservative 

surgery and the application of a prosthetic device (Jorge et al., 2014). However, an early-stage 

intervention and appropriate diagnosis for these patients rely on the accurate characterization of the 

underlying anatomic deformity (Peters et al., 2009).  

It is clear that a more comprehensive effort should be put in the full understanding and description 

of the morphology of synovial joints, with particular emphasis on the hip joint, given the inconsistency 

between clinical practice and medical and computational evidence regarding the shape of articular 

joint surfaces. It has long been suggested that the articular surfaces of a normal, asymptomatic hip 

joint are only symmetric in a limited number of axes, presenting an ovoidal shape instead of a 

spherical one (MacConaill, 1973; Standring, 2015). Yet, the tools used nowadays by physicians to 

investigate morphological features of these structures and to guide them in the treatment of hip joint 

pathologies, such as the ones aforementioned, consider the sphere to be the shape that best fits both 

the femoral head and the acetabular cavity. On the other hand, there seems to be high variation in the 

definition of the physiological values for the metrics used to describe the geometry of these surfaces, 

such as the 𝛼 angle, centre-edge angle, acetabular index of Tönnis, among others. Different authors 

consider different intervals for these parameters, highlighting the ambiguity associated with the 
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classification of hip joint morphology (Chegini et al., 2009; Gerhardt et al., 2012; Jorge et al., 2014; Ng 

et al., 2016). 

Therefore, the need for better models of the hip joint arises, along with new sets of parameters that 

allow for clear and unambiguous classification and identification of the femoral head and acetabular 

cavity, regardless of the form. The creation of these models has the ability to be subject-specific and 

faithful to the original anatomical and geometrical information of the structures of interest, by resorting 

to imaging modalities capable of multi-planar reconstruction, such as computed tomography (CT) and 

magnetic resonance imaging (MRI) (Mascarenhas et al., 2016). The more reliable the diagnostic tools 

physicians have at their disposal, the more precise is the foundation for accurate diagnosis, disease 

classification, and surgical decision-making (Clohisy et al., 2008). 

Not only will the understanding of both physiological and pathological morphologies of the hip joint 

motivate advances in the treatment of natural joints, but it will also encourage the development of new 

and improved artificial joint designs, with special focus on personalized provision of care. It is 

expected that prosthetic devices which approximate better to the normal geometry of the articular joint 

surfaces will also present improvements in mechanical performance (Jiang et al., 2010; Liu et al., 

2014; Liu et al., 2015; Wu et al., 2016). The consequent enhanced function and lower wear rates of 

the devices’ materials decrease the risk of biocompatibility problems and the need for early revision 

surgery.    

 

1.2 Scopes and Objectives 

The main objective of this work consists in conducting a morphological study on the articular surfaces 

of the hip joint, i.e., femoral head and acetabular cavity, in asymptomatic and pathological conditions, 

specifically FAI and hip dysplasia. To this purpose, CT and MRI data sets of the hip joint, for 

asymptomatic and pathological cases, respectively, will be used to extract the anatomical and 

geometrical information that will allow the reconstruction of the three-dimensional models.  Mesh 

adjustment operations will then be applied to the reconstructed models, in order to guarantee 

homogeneous nodal distribution and the elimination of artefacts resulting from model creation. The 

operations that will be performed are a combination of smoothing and decimation filters. From the 3-D 

models, only the regions corresponding to the articulating surfaces are of interest. Therefore, the 

nodes representing these areas will be selected and stored as point clouds. In order to identify and 

characterize the underlying morphology of the point clouds of both femoral head and acetabular 

cavity, smooth and mainly convex canonical surfaces will be adjusted, using a least-squares 

minimization approach solved by a genetic algorithm. The shapes that are to be fitted belong to the 

large family of (super)quadrics and include an increasing degree of complexity to account for as many 

variations as possible within the set of subjects being considered in the study. Finally, the comparison 

between the shapes’ goodness-of-fit to the articular surfaces will be assessed according to the 

Euclidean distance of each point in the point clouds to the optimally fitted surface of each shape 
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model. Error-of-fit statistical analyses will be performed to provide a better understanding of the 

results. 

This work intends to investigate two complementary questions: 

1. What is the shape model that best portrays the geometrical characteristics of the articular 

surfaces of a normal hip joint? 

2. How well defined is the morphological difference between asymptomatic hips and the 

conditions known as femoroacetabular impingement and hip dysplasia? 

In order to answer these questions, a morphological study of asymptomatic hip joints, and a 

comparison study between asymptomatic and pathological hip joints will be carried out. The first will 

account for a set of 10 different geometrical primitives, falling under the shape models of the sphere, 

(super)ellipsoids and (super)ovoids, and approximate them to the articular joint surfaces of a 

population composed of 11 subjects. The second study, which will take into consideration the results 

obtained in the first study regarding the shape models that will best fit both the femoral head and the 

acetabular cavity, will perform a surface fitting analysis on three different populations of 20 subjects 

each, in order to compare both articular joint surfaces of hips presenting distinct pathological status. 

The categories in which individuals can be divided are asymptomatic hips, hips presenting 

femoroacetabular impingement, and hips exhibiting hip dysplasia. The statistical significance of the 

results is assured by the several cases being considered in both studies. 

 

1.3 Literature Review 

The study and description of synovial joints have been a topic of interest of anatomists and physicians 

for many centuries (Vesalius, 1998). Within the orthopaedic community, great emphasis is put on the 

hip joint, given its influence on the correct performance of daily activities. This joint falls under the 

classification of spheroidal joints, given its visual similarities to a sphere. In fact, the articular surfaces 

of this joint, namely the femoral head and the acetabular cavity, were regarded as being best 

represented by the spherical shape for a considerable amount of time, and this view has not yet fallen 

completely in disuse (Rouvière and Delmas, 2005; Williams et al., 2010).  

There have been studies, however, contradicting this belief. The work by MacConaill introduced the 

idea that the hip joint, along with other spheroidal joints, did not present geometrical features most 

consistent with a sphere, but with ovoidal shapes, instead (MacConaill, 1966; MacConaill, 1973). To 

assess the veracity of this assumption, several authors have conducted studies on the morphological 

aspects of the articular joint surfaces, by approximating spheres, rotational conchoids, and ellipsoids 

to the anatomical data of the structures of interest. Several authors (Anderson et al., 2010; Kang, 

2004; Kang et al., 2010; Menschik, 1997) performed this adjustment for spheres and rotational 

conchoids to the femoral head and/or the acetabular cavity. Other comparisons used spheres, 

ellipsoids, and rotational ellipsoids as the approximated surfaces (Cerveri et al., 2011; Gu et al., 2008; 
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Gu et al., 2010; Gu et al., 2011; Wu et al., 2016). Furthermore, Xi et al. (2003) and Cerveri et al. 

(2014) added a third surface to their surface fitting procedures, considering the sphere, rotational 

conchoid, and ellipsoid to describe the shape of the acetabular cavity. Studies on prosthetic designs 

for the femoral head were also carried out by Jiang et al. (2010), Liu et al. (2014), and Liu et al. 

(2015), in which the artificial articular surface was approximated by an ellipsoidal shape. 

Up to this point, the geometries tested as representations of the hip joint are very simple smooth 

convex surfaces, whose level of complexity is still below the one corresponding to the anatomical 

descriptions of MacConaill. As mentioned, the hip joint articular surfaces were classified as having 

ovoidal shape, i.e., egg-like appearance and morphological features, which account for global 

geometrical aspects of a surface, such as axial asymmetry and non-homogeneous curvature. There is 

a multitude of shapes and parameters that can describe the egg form (Carter, 1968; Paganelli et al., 

1974), being the surfaces introduced by Todd and Smart (1984) an example of such representations. 

The fit between this particular ovoidal shape and the articular surface of the femoral head was tested 

by Lopes et al. (2015), confirming MacConaill’s assumptions. This study also performed surface fitting 

procedures on the femoral head with superquadric surfaces, specifically superellipsoid (Barr, 1981) 

and superovoid, thus taking into account different levels of squareness for the approximated surfaces 

and introducing another degree of freedom for anatomical variations within the joint. 

This effort for correct classification of the articular joint morphology has shown progress over the 

last decades, namely due to improvements in the area of Computer Graphics and Medical Imaging, 

and development of new surface fitting frameworks. In the past, the available imaging tools did not 

allow for precise visualization of important geometrical landmarks of the hip joint. Morphological 

investigations of the structures of interest were dependent on the radiographic accuracy and patient 

positioning (Klaue et al., 1991). The advances made in three-dimensional image reconstruction 

techniques has provided both the orthopaedic and scientific communities with the possibility to extract 

as much anatomical and geometrical information as possible from medical images, increasing the 

accuracy in patient diagnosis and treatment, and generating more truthful data for 3-D models 

construction. 

On the one hand, regarding the implications joint classification has in the diagnosis and treatment 

of pathological conditions, studies on the etiology and pathogenesis of osteoarthritis (OA) have 

suggested a link between morphological variations of the articular surfaces of the hip joint and the 

degeneration of joint tissues. Even though OA is multifactorial and its exact mechanism is still 

unknown, femoroacetabular impingement and hip dysplasia have been widely pointed out as potential 

causes for OA, due to their uncharacteristic anatomical features (Ganz et al., 2003; Gosvig et al., 

2007; Mascarenhas et al., 2015; Murphy et al., 1990; Peter et al., 2009; Tannast et al., 2015). The 

focus that has been put into these structural hip disorders over the past decade has promoted the 

rapid evolution of hip pain evaluation (Clohisy et al., 2008; Jorge et al., 2014).  However, consensus 

regarding the metrics that best identify the morphological deformities and the intervals in which they 

should be placed to distinguish normal from pathological hips has not been reached to date (Chegini 
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et al., (2008); Gerhardt et al., (2012); Gosvig et al., (2007); Jorge et al. (2014); Ng et al., (2016); Rego 

et al., 2015). 

On the other hand, surface fitting procedures that rely on more accurate raw data generate more 

robust and precise results. Over time, the task of fiting spheroidal smooth convex surfaces to a point 

cloud, i.e., a set of scattered or unorganized points, found numerous applications, including Computer-

-Aided Drug Design, Computational Chemistry/Biology, Computer/Machine Vision and Pattern 

Recognition, Image Processing, among others. One of the reasons behind its appeal in different 

engineering fields is the fact that a very limited number of parameters, which define the surface, 

comprises a highly compact and effective amount of information about the object. The fitting process 

involving smooth convex surfaces consists in the calculation of the surface characterizing parameters 

that minimize the distance between the given set of points and the resulting surface. Such parameters 

contain information regarding shape, size, position and orientation (Ahn, 2004). 

Surface fitting tools have been described to use different types of surface representation, such as 

explicit, parametric and implicit. However, the implicit form of surface representation is the most widely 

used for smooth convex surfaces, from which reliable global shape attributes, both qualitative and 

quantitative, can be extracted. There is, however, a contingency regarding the fitting of smooth convex 

surfaces to point clouds. These and the surface type being considered must either possess an 

analogous topology, in the sense that they cannot present extreme differences in their form, or the 

original data must be segmented into smaller point clouds (Lopes, 2013). 

Ahn (2004) and works following his (Chernov et al., (2011); Liu and Wang, (2008)) mention several 

aspects relevant and common to surface fitting procedures using smooth convex surfaces. The search 

for the best fitting surface to a given point cloud is usually formulated as a least-squares minimization 

problem, whose objective function is most often the sum of the squared differences between the 

surface and each point, i.e., surface errors are measured as a function of the physical distances from 

the optimally fitted surface and the point cloud. Although using Euclidean distances increases the 

computational time of the fitting task, surface errors are lower than the ones observed for non-

-Euclidean distance functions. The optimizer solving the minimization problem can use heuristic 

algorithms or metaheuristic ones, such as genetic algorithms, which provide a more robust 

approximation method and decrease the risk of convergence towards local minima in detriment of the 

global minimum. This accurate convergence depends on the correct selection of the initial 

approximation to the surface parameters which is to be given to the optimizer. The source of these 

parameters is normally the resultant values from the fitting process of a lower-level model so that the 

algorithm is able to start within a close neighbourhood of the optimal solution. 

Finally, the aforementioned studies which applied surface fitting frameworks to the investigation of 

the underlying morphology of the articular surfaces in the hip joint have also stressed specific 

orthopaedic applications of this computational tool. Those applications include: 

 provision of quantitative analysis useful in the distinction between normal and pathological 

geometrical features. The access to quantifiable information on the extension of a certain 
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lesion allows for more informed decision-making on optimal size, positioning and 

alignment of implants (Cerveri et al., 2011); 

 better understanding of joint functional mobility and stability, including quantification of 

contact forces and pressure distributions in bone-cartilage interfaces (Anderson et al., 

2010), which allow for improved designs of joint replacement prosthetics (Cerveri et al. 

2011; Gu et al. 2010; Gu et al. 2011; Jiang et al. 2010; Xi et al. 2003); 

 higher specificity in patient analysis and treatment attained by subject-specific anatomical 

data extraction (Cerveri et al., 2014). 

 

1.4 Main Contributions 

This work pretends to continue the research that has been carried out on the subject of synovial joints 

presenting spheroidal shape and provide quantitative evidence supporting the series of anatomical 

observations performed by MacConaill and colleagues stating that synovial joints exhibit 

morphological features more consistent with ovoidal shapes than spherical ones, given that these do 

not contain information on global geometric characteristics such as axial asymmetry and non-

-homogeneous curvature. 

This quantitative analysis, made possible by the computational steps comprising the surface fitting 

framework at hands, allows the comparison of goodness-of-fit between different shape models and the 

realization of the global, geometrical and topological features that best characterize the articular 

surfaces of the hip joint in normal conditions. To date, this is the largest set of surface parameters 

being adjusted to point cloud representations of the hip joint’s articular surfaces in a single study, thus 

allowing to investigate the highest number of degrees of freedom regarding surface geometry so far. 

Additionally, this work introduces shapes with tapering constraints into morphological studies of the 

articular surfaces of the hip joint. Therefore, an extremely thorough morphological analysis is carried, 

guaranteeing maximum consideration of anatomical inter-articular variations. 

Consequentially, the better understanding of the hip joint in asymptomatic conditions and the 

assumptions that can be taken from the results of the first study presented in this work will help clarify 

the distinctive morphological features consistent with pathological deformities, such as 

femoroacetabular impingement and hip dysplasia. By comparing the underlying topological features of 

these conditions both with asymptomatic results and with each other, three advances can be made: (i) 

moving towards a consensus within the orthopaedic community on which geometrical aspects of the 

hip joint better identify its morphology; (ii) development of less subjective diagnostic-aiding 

computational tools, improving diagnostic and treatment accuracy; (iii) and establishing clear and 

unambiguous metrics and respective intervals of admissibility in the classification of pathological 

conditions, preventing wrongful diagnosis and late-stage intervention. 
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Chapter II 

2.1 Anatomy of the Hip Joint 

The hip joint is a synovial joint which can be classified as a classical ball-and-socket type, also known 

as a multiaxial spheroidal joint, where the femur serves as the “ball” and the pelvic bone as the 

“socket”. The joint comprises two reciprocally curved articular surfaces, the femoral head and the 

acetabulum, which has a cotyloidal and cup-like shape, as showed in Figure II.1. (Lourenço et al., 

2015; Standring, 2015). This articulation plays an essential role in human gait, connecting the lower 

limbs to the axial skeleton, and is innately limited for translational motion in anteroposterior, transverse 

and vertical planes. It allows relatively unrestricted motion in three degrees of freedom, agreeable with 

flexion/extension, abduction/adduction, medial (internal) and lateral (external) rotation.  

A B 

  

Figure II.1 - Ball-and-socket type joint. A: articular surfaces in the hip joint. B: mechanical representation (Studyblue).  

 

Similarly to what is seen in the shoulder joint, these articular surfaces are nowadays considered 

ovoidal or spheroidal (Standring, 2015). However, for many years the notion that articular surfaces of 

ball-and-socket type joints are spherical was well-established within the orthopaedic community, 

especially given the rise of evidence suggesting that the progression towards more spherical femoral 

heads happens with ageing. Reports stating this lack of sphericity have been known since the late 

1960s, where special emphasis is given to the acetabulum. If this structure is less spherical, there is 

more room between the cartilage surface of the femoral head and itself, and for light loads, this lack of 

contact allows the cartilage to be nourished and lubricated (Gu et al., 2008).  

The acetabulum results from the convergence at the triradiate cartilage of three distinct osseous 

portions which form the pelvic bone, namely the ilium, the ischium and the pubis. It is an 

approximately hemispherical cavity situated about the centre of the lateral aspect of the hip bone and 

faces anteroinferiorly. The cartilaginous link between them becomes more ossified as age progresses, 

resulting in a more rigid and less prone to deformation acetabular cavity. 

The femoral head faces anterosuperomedially to articulate with the acetabulum and presents a 

smooth surface, with the exception of a central, small and rough fovea to which the ligamentum teres 

is attached. The interface between the femoral head and the acetabulum includes an articular capsule, 

which embraces the femoral head and accommodates it to be encircled by the acetabular labrum. This 
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structure determines and constricts the diameter of the acetabular cavity which is important to 

maintain the stability of the joint both as a static restraint and by providing proprioceptive information. 

Both the femoral head, with the exception of the rough pit where the ligamentum teres (ligament of 

head of the femur) is attached, and the articular area of the acetabulum – the lunate surface – are 

covered by articular cartilage, whose thickness depends on the load the articular surfaces must bear. 

The lunate surface is wider at the top, a region also named ‘dome’ and responsible for transmitting 

weight to the femur. Fractures in this particular area are likely to produce poor outcomes. The 

acetabular fossa, the remaining portion of the acetabulum located on its floor, is a rough and non-

-articular area containing fibroelastic fat largely covered by a synovial membrane. The acetabular 

labrum consists of a fibrocartilaginous rim attached to the acetabular margin, which gives depth to the 

acetabulum and attaches to the peripheral edge of the transverse acetabular ligament.  

In addition to the articular cartilage, there is a synovial membrane covering the intracapsular 

portion of the femoral head, starting from the femoral articular margin. This membrane, which is a 

layer of connective tissue that produces synovial fluid with lubrification purposes (PubMed Health), 

progresses to the internal surface of the capsule to cover the ligamentum teres, the acetabular labrum 

and the fat in the acetabular fossa. These structures can be further inspected in Figure II.2.  

A B 

  

Figure II.2 - A: lateral view of the opened hip joint, featuring different anatomical elements in the hip joint. B: cross-section of the 

hip joint in the frontal plane, showing the fitting between the femoral head and the pelvic bone (Tönnis, 1987).  

 

The range of motion of the hip joint is also restricted by the ligaments stabilizing it, which can be 

visualized in Figure II.3. These are the iliofemoral, the pubofemoral, the ischiofemoral and transverse 

acetabular ligaments, and the previously mentioned ligamentum teres. The movement of the hip 

causes the tightening of the ligaments around the joint, as they wind and unwind, as well as the 
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thickening of the articular capsule. This affects stability, excursion and joint capacity, which is maximal 

when the hip is partially flexed and abducted.  

In order to better understand the role the hip joint ligaments play, they will be briefly described 

below. 

 Iliofemoral ligament: its base is attached to the intertrochanteric line and its apex between the 

anterior inferior iliac spine and acetabular rim. It lies anteriorly and blends with the articular 

capsule. It is very strong and shaped like an inverted Y. According to Fuss and Bacher (check 

it!), this ligament can be divided into three portions, a weaker central one referred to as the 

greater iliofemoral ligament and two stronger marginal ones to which they gave the names of 

lateral and medial iliofemoral ligaments. The lateral ligament is disposed in an oblique fashion, 

whilst the medial ligament is vertically oriented. 

 Pubofemoral ligament: its base is attached to the iliopubic eminence, superior pubic ramus, 

obturator crest and obturator membrane. It has a triangular shape and blends distally with the 

articular capsule and deep surface of the medial iliofemoral ligament. 

 Ischiofemoral ligament: similarly to the description of Fuss and Bacher of the iliofemoral 

ligament, the ischiofemoral ligament also presents three distinct portions: a central, a lateral and 

a medial. The central part is named superior ischiofemoral ligament and revolves 

superolaterally around the ischium to reach the acetabulum posteroinferiorly, behind the femoral 

neck, and attach to the great trochanter deep to the iliofemoral ligament. The lateral and medial 

ischiofemoral ligaments are positioned around the circumference of the femoral neck. 

 Transverse acetabular ligament: this ligament is peripheral to the labrum and forms a 

foramen which allows vessels and nerves to come into the joint. It can be inspected in 

Figure II.2.  

 Ligamentum teres: this ligament is also referred to as the ligament of the head of the femur 

and consists of a triangular and relatively flattened band. The fovea of the femoral head is 

where the apex is anterosuperiorly attached, being the edges of the acetabular notch the 

attachment place for the ligament’s base. It also receives weaker contributions from the margins 

of the acetabular fossa. Unlike the remaining ligaments, the ligamentum teres presents a sheath 

of synovial membrane, which may exist by itself in the absence of the ligament. The motion 

resulting in ligament’s tension appears to be semi-flexion and adduction, while joint abduction 

produces ligament relaxation.  
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Figure II.3 - The ligaments of the hip joint. Left: anterior view; Right: posterior view. 

 

2.2 Femoroacetabular Impingement (FAI) 

The femoroacetabular impingement (FAI) is a condition in which there is a conflict between the two 

structures that compose the hip joint, i.e., the femoral head and the acetabular cavity. This 

nonphysiological contact between the aforementioned structures eventually results in hip joint damage 

and may progress to functional limitation causing conditions, such as osteoarthritis (Mascarenhas et 

al., 2015). 

The mechanism of FAI has been connected to abnormal morphological features presented by the 

proximal femur and/or the acetabulum (Simões et al., 2012). Alternatively, it can be the product of 

excessive physical activity to which the otherwise normal or near-normal anatomic structure of the hip 

may have been repeatedly subjected, forcing it to perform movements with a supraphysiologic range 

of motion (Ganz et al., 2003; Peters et al., 2009). The high-demand activities that have been reported 

to be associated with the symptoms manifested by patients with FAI are, for example, dance, 

gymnastics, and soccer. These symptoms are typically groin pain, which in 80% of the patients is 

coupled with catching, popping or clicking. Although the aberrant morphological features had usually 

been already present, approximately one-third of the patients refer the occurrence of a traumatic event 

at the genesis of the pain. Most patients express exacerbation of the pain with sitting, squatting, or 

activities that involve hip flexion, being wrongfully presented with inappropriate surgical therapeutic 

approaches including laparoscopy, laparotomy, knee arthroscopy, lumbar spine decompression, and 

inguinal hernia repair (Ganz et al., 2003; Peters et al., 2009).  

The typical pathomorphology present in patients with FAI allow for two distinct types of the 

condition to be distinguished, cam-type and pincer-type. In some cases, the morphological features 
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are a mixture of the two types (Peters et al., 2009; Zabala et al., 2007). Figure II.4 contains a good 

representation of the anatomical differences between the various situations. 

 
Figure II.4 - Pathomorphology of FAI. A: normal hip; B: cam-type FAI; C: pincer-type FAI; D: combination of both types (Lavigne 

et al., 2004). 

 

2.2.1 Cam Impingement 

Cam-type femoroacetabular impingement is associated with malformations of the femur and is due to 

the existence of a non-spherical portion of the femoral head often positioned in the anterosuperior 

quadrant of the region of transition with the anatomical neck, resulting in a reduced femoral head-neck 

offset and reduced concavity at the femoral head-neck junction (Ng et al., 2016; Peters et al., 2009; 

Simões et al, 2012). The femoral head-neck offset is commonly measured by an angular metric called 

𝛼 angle, which can be inspected in Figure II.5. The current protocol in place for determining this angle 

consists of matching a circle to the contour of the femoral head, as closely as possible. The centre 

point of this circle is established as the centre point of the femoral head, which allows the physician to 

draw a line from this point to the first superolateral point where the osseous contour of the femoral 

head no longer overlaps the circle previously matched. Then, a second line is drawn from the centre 

point of the femoral head to the midpoint of the femoral neck, and the angle between these two lines 

gives the measurement for the 𝜶 angle (Gerhardt et al., 2012). 

The value of alpha angle at which it is admitted the existence of cam deformity to be present is not 

fully agreed on. According to Jorge et al. (2014) and Ng et al. (2016), the impingement begins for 𝛼 >

40°, while Chegini et al. (2008) and Gerhardt et al. (2012) refer existence of abnormality for values of 

𝛼 higher than [50°, 55°]. However, the idea that the higher the angle, the larger the extension of the 

deformity (Ng et al., 2016), is well established.  

The femoral head’s increased radius limits the joint’s range of motion and the jam between the 

femoral head and the acetabulum caused by forceful motion, especially flexural movements and/or 
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internal rotations, cause outside-in abrasion of the acetabular cartilage and lead to macroscopic visible 

lesions (Jorge et al., 2014; Lavigne et al., 2004).  

 
Figure II.5 - Determination of the 𝜶 angle. The angle is measured between the line connecting the point of divergence between 

the circle, of radius r, and the contour of the femoral head, PD, and the centre point of the femoral head FHC, and the line 

passing through the middle of the femoral neck and FHC. A: normal alpha angle measurement; B: cam deformity (adapted from 

Gerhardt et al., 2012). 

 

Given that there seems to be a high similarity level between these lesions and the ones presented 

by advanced osteoarthritis, from both pathological and biochemical points of view (Jorge et al., 2014), 

cam-type impingement has been proposed to be a potential cause for OA, having Ganz et al. (2003) 

been the first one to do so. 

Regarding the possible treatment for this type of impingement, an early surgical intervention 

consisting of osteoplasty of the anterior head-neck junction, in order to remove the non-spherical part 

of the femoral head, has been proposed to be the best option to prevent the progression of the lesion 

(Clohisy and McClure, 2005). 

Cam-type impingement has a higher incidence in young and athletic males (Ganz et al., 2003).   

 

2.2.2 Pincer Impingement 

Pincer-type impingement refers to acetabular over-coverage and results of a more linear contact 

between the acetabular rim and the femoral head-neck junction, which produces a variety of 

secondary damage patterns to the labrum and the proximal portion of the femur (Peters et al., 2009).  

It is often presented as a normal femoral head with regular morphological features, being the 

aberrations strictly located on the acetabulum. However, the most common clinical presentation of hip 

impingement is a combination of both femoral and acetabular abnormal morphology (Ganz et al., 

2003; Peters et al., 2009). The metric currently being used to measure acetabular coverage, and 

consequently determine the existence of pincer-type impingement is the lateral centre-edge (CE) 

angle of Wiberg, represented in Figure II.6.  
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Figure II.6 - Representation of the lateral CE angle of Wiberg. (Left) X-ray scan of the hip joint (frontal view) (Orthopaedics One, 

The Orthopaedic Knowledge Network). (Right) Schematic representation of the lateral CE angle (The National Center for 

Biotechnology Information). 

 

This angle is measured between the perpendicular to the teardrop line and the line connecting the 

centre point of the femoral head and the lateral edge of the acetabulum (Chegini et al., 2009), also 

referred to as the lateral sourcil, as visible on the left side of Figure II.6. Normal hips are reported to 

have lateral CE angle values ranging from 25° to 40° (Clohisy et al., 2008; Tannast et al., 2015; Ng et 

al., 2016), and given that pincer deformity is characterized by acetabular over-coverage, values of 

𝑪𝑬 > 𝟒𝟎° are considered indicative of pincer-type impingement. Nevertheless, this type of deformity 

has been reported to be present for 𝑪𝑬 > 𝟑𝟎° (Chegini et al., 2009). 

The abutment in the pincer-type impingement is typically due to acetabular retroversion, a local 

anterior over-coverage, or coxa profunda, an abnormally deep acetabulum. Given that the most 

affected structure in this type of impingement is the acetabulum, the damage is more significant on 

this side of the joint, being the acetabular labrum the first structure to suffer degradation and fail. As 

the hip joint continues to be subjected to impact between the femoral head and the acetabulum, the 

acetabular rim becomes increasingly ossified, leading to an additional deepening of the acetabulum 

and worsening of the over-coverage (Lavigne et al., 2004).  

In addition to the damage to the osseous portions of the joint, the persistent abutment, which is 

often anterior with chronic leverage of the head in the acetabulum, can also result in injury to the 

articular cartilage in the ‘contre-coup’ region of the posteroinferior acetabulum. Injuries to the articular 

cartilage are often referred to as chondral lesions and in the particular case of pincer-type 

impingement, they are frequently limited to a small rim area and therefore are more benign. This is in 

contrast to deep chondral lesions and/or extensive labral tears that are seen with cam impingement 

(Reimer et al., 2010). 

As it happens in cam-type impingement, the treatment of this problem relies on the removal of 

excess bone, which in this case consists in the prominent anterior aspect of the acetabular rim. This 
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can be done through clearance improvement with an acetabular and femoral osteochondroplasty, or 

by reorientation of the acetabulum. The preference of one treatment approach over the other depends 

on specific circumstances, such as complex rotational abnormalities now recognized as retroversion of 

the acetabulum and/or volumetric deficiencies (Peters et al., 2009).  

Pincer impingement is seen more frequently in middle-aged women with a desire for athletic 

activities (Ganz et al., 2003). 

In Figure II.7, one can compare the two types of FAI and understand the implications each of them 

has when judged against a normal hip joint. 

 

Figure II.7 - Left: normal hip; Centre: cam impingement; Right: pincer impingement (Progressive Physical Therapy, Inc.) 

 

 Table II.1 synthesizes the differences between cam-type impingement and pincer-type 

impingement.  

Table II.1 - Differential diagnosis between cam and pincer FAI. Adapted from Reimer et al. (2010). 

 Cam impingement Pincer impingement 

Morphological 

defect  

Reduced femoral head-neck 

offset 

Acetabular over-coverage (local or 

general) 

Age/gender Young male athletes Middle-aged women 

Early lesions Articular cartilage Acetabular labrum 

Late lesions Acetabular labrum Articular cartilage 
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2.3 Dysplasia 

Hip dysplasia, as femoroacetabular impingement, is a morphological defect of the hip joint, 

characterized by insufficient anterolateral acetabular coverage with a superolateral inclination of the 

acetabular joint surface and associated structural instability (Zabala et al., 2007). As more stress is put 

in the joint, the misalignment between the femoral head and the acetabulum becomes increasingly 

noticeable, leading to subluxation and ultimately dislocation of the femoral head, as demonstrated in 

Figure II.8. 

 
Figure II.8 - Types of misalignments between the femoral head and acetabulum in hip dysplasia. A: normal. B: dysplasia. C: 

subluxation. D: luxation or dislocation (Wikipedia)  

 

The anatomical parameter which provides information on the existence of hip dysplasia is the same 

one used to assess the presence of pincer-type impingement, given that the former’s more relevant 

morphological feature is acetabular coverage. Therefore, the differential diagnosis of hip dysplasia 

also takes into account the lateral CE angle, which can be revisited in Figure II.6. In this case, 

however, the issue at hands is acetabular under-coverage, characterized by lower values of CE angle 

(Ng et al., 2016). The classical dysplastic hip joint is described by a CE angle smaller than 20° 

(Chegini et al., 2009). Additionally, the acetabular index (AI) referred to as the angle of Tönnis is 

frequently used to assess the existence of a dysplastic deformity. Both angles can be inspected in 

Figure II.9. 

   

Figure II.9 - (Left) Schematic representation of the AI angle on a normal hip (Tannast et al., 2015). (Centre) Schematic 

representation of the AI angle on a dysplastic hip (Tannast et al., 2015). (Right) Section of an anteroposterior pelvic radiograph 

of the left hip, with CE and AI angles marked (Troelsen et al., 2010). 



16 

The angle of Tönnis, or acetabular index of Tönnis, is measured by two lines both originating at the 

most medial limit of the acetabular roof. The first line is horizontal and the second extends to the most 

lateral edge of the acetabular roof. The cut-off values reported in the literature for normal hips range 

from 10° to 15°. 

The instability that arises from hip dysplasia can be due to abnormalities regarding the shape and 

size of the acetabulum or femoral head, their relative proportions, or the alignment one to the other. 

The most recurrent cases of dysplasia exhibit morphological aberrations on the acetabular side, being 

its disproportion with the femoral head what gives rise to the symptoms (Klaue et al., 1991). As it was 

mentioned for FAI, the anatomical features exhibited by dysplastic hips lead to pain and development 

of early OA in most young patients (Murphy et al., 1990; Peters et al., 2009; Tannast et al., 2015).  

This condition often affects patients from a pediatric age, which, if left untreated, will result in an 

abnormal growth of the hip. When the instability of the hip joint is present from this early on, it is 

usually referred to as congenital dislocation of the hip or developmental dysplasia of the hip (DDH). 

The abnormality includes the osseous portions of the joint, the femoral head and the acetabulum, as 

well as soft tissue, such as the labrum and the capsule (Medscape). DDH causes an excessive and 

eccentric loading of the anterosuperior portion of the hip joint, due to a mal-oriented articular surface 

with decreased contact area between the femur and the acetabulum. This stressful loading present 

during normal activities advances the development of early OA of the hip (Chegini et al., 2009; Ganz 

et al., 2003). 

Regarding the treatment process for hip dysplasia, it often involves periacetabular osteotomy 

(PAO) which enables an extensive acetabular reorientation with the improvement of the insufficient 

coverage of the femoral head (Domb et al., 2014). 
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Chapter III 

Mathematical Representation of Spheroidal Articular Surfaces 

3.1 Implicit Representation of Morphological Shapes 

In geometric modeling, surfaces used to represent an object can be defined either numerically or 

analytically. Given the simplicity of the surfaces that most approximate to the articular surfaces of the 

hip joint, namely spheres, ellipsoids, and ovoids (Allaire et al., 2007; Anderson et al., 2010; Cerveri et 

al., 2011; Cerveri et al., 2014; Gu et al., 2008; Gu et al., 2010; Gu et al., 2011; Kang et al., 2010; 

Lopes et al., 2015; Menschik, 1997; Xi et al., 2003), and the fact that these surfaces are smooth and 

mostly convex geometric primitives it is only logical to use an analytical approach. This approach 

allows efficient computations for surface fitting (Lopes et al., 2015) and offers effective geometric 

information on the surface, such as surface points and smoothness. These enable the deduction of 

normal and tangent vectors, curvature and principal directions, among other geometric attributes, 

which are important for morphological characterization and numerical simulation purposes (Ahn, 

2004).  

Within this analytical approach, there is one geometric model that has been given increasing 

importance and is usually referred to as an implicit representation of surfaces (Pottmann et al., 2004). 

Implicit representations are described by trivariate functions 𝑓:ℝ3 → ℝ (Pottmann et al., 2005). As in 

all analytical geometric models, there is an analytical equation or set of equations that depends on the 

spatial coordinates of a surface point P, described by the position vector expressed in Cartesian 

coordinates, 𝐱OP = [𝑥, 𝑦, 𝑧]𝑇 (Marsh, 2006). However, for simplification purposes, the implicit 

representation of a surface describes it as zero set of a real-valued scalar function 𝐹:ℝ3 → ℝ, which 

means that the coordinates corresponding to the set of points that compose the surface must satisfy 

an equation of the form 

 

 
Only after Equation 3.1 is solved is it possible to determine the coordinates of the surface points 

which is the reason behind the term ‘implicit’ in this type of representation. The solutions for Equation 

3.1 are its roots or zeros and define a subset of ℝ𝟑 of the form 

 

where 𝜕Ω is the set of points which define the surface enclosing the the solid represented by Ω. 

In addition to the single element zero set, there is an infinite number of level sets associated with 𝐹, 

which might, in some cases, be advantageous to analyze (Pottmann et al., 2005).  

 

𝐹(𝐱OP) = 0 (3.1) 

𝜕Ω = {𝑥 ∈ ℝ3:𝐹(𝐱OP) = 0} (3.2) 

𝐹(𝐱OP) = 𝑐 = 𝑐𝑜𝑛𝑠𝑡 (3.3) 
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These functions are also referred to as iso-valued functions, corresponding each of them to a 

single iso-value 𝒄, where 𝒄 is an arbitrary real number. Thus, by varying k, function 𝐹 defines a series 

of offset surfaces defined over all space, as shown in Figure III.1. 

 
Figure III.1 - A: Implicit representation of the two-dimensional expression 𝐹(𝑥, 𝑦) = 0 ⟺ 𝑥2 + 2𝑦2 − 1 = 0; B: different level-sets 

for an implicitly represented surface (2D view) (Vu et al., 2013). 

 

If one looks closely to the aforementioned figure, it is clear that an implicitly defined surface allows 

one to distinguish between two sets of points, the ones located on the inside of the surface and the 

ones placed outside of it. Therefore, implicit representation is particularly suitable to determine 

whether a given point lies on a specific curve or surface (Sederberg and Anderson, 1984). That is why 

function 𝑭 is also called an inside-outside function, and the two spaces can be separated by the 

convention that dictates that the interior space is represented by the volume where  𝑭 is negative, 

while the exterior space is represented by positive values of 𝑭. Another convention is that the normal 

surface vectors point outwards to the exterior space. 

Table III.1 summarizes some of the characteristics and limitations that can be associated with the 

implicit surface representation when compared to explicit or parametric surface representations. 

Table III.1 - Compilation of notable features and limitations of implicit surface representations (adapted from Lopes, 2013). 

Notable features Limitations 

Very usual descriptive form of a surface Computationally expensive to render. 

Directly defines a solid (points satisfying F(x) < 0) 

bounded by the surface (points satisfying F(x) = 0). 

Surface coefficients rarely have an explicit 

geometric meaning. 

Straightforward to test whether a point lies inside or 

outside of a solid or on a boundary surface. 

Strong numerical sensitivity of the surface 

shape for small variations of some coefficients. 

Partitions the space into 3 subsets of points (F(x) < 

0, F(x) = 0, F(x) > 0). 

Difficult to fit and manipulate free form shapes. 

Allows efficient modifications of geometry and/or 

topology by supporting surface splitting and 

merging. 

Difficult to transform due to axis-dependent 

features. 

A B

(inside)

(on surface) (outside)
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The surfaces defined by Equations (3.1) and (3.2) are represented in their respective local 

systems, where the referential’s origin corresponds to the surfaces’ centre. For modeling purposes, 

however, it is important to guarantee the possibility of granting the surface any spatial configuration. 

This geometrical modification consists in applying transformations to the surface’s coordinate system, 

such as translation, rotation, and scaling. The coordinate systems commonly implied in this 

transformation are the local and global ones. The conversion between these two preserves all 

relations of affinity in the geometry and is, therefore, classified as an affine transformation, where 

coordinates in local reference system 𝑙, 𝐱𝑙, undergo a linear transformation to be represented in global 

reference system 𝑔, 𝐱𝑔, and vice versa. As a result, 𝐱𝑙 and 𝐱𝑔 are related through a set of linear 

algebraic equations, which can be described in vector form by expression (3.4): 

𝐱𝑔 = [𝑥𝑔 𝑦𝑔 𝑧𝑔 1]𝑇 = 𝐀𝐱𝑙  (3.4) 

 
where 𝐱𝑙 and 𝐱𝑔, are written in homogenous coordinates and 𝐀 is the 4x4 transformation matrix 

containing the three affine operations present in this conversion, scaling, 𝐃, rotation, 𝐑, and 

translation, 𝐭. The latter is a position column vector that can be interpreted as a shift in the origin of the 

initial coordinate system, which in this case is the local reference frame. This shift is given by the 

location of a global coordinate relative to the local frame. The scaling matrix 𝐃 is a diagonal matrix 

containing the scaling parameters 𝑎, 𝑏 and 𝑐 along the local reference system axes 𝑥𝑙, 𝑦𝑙 and 𝑧𝑙. 

𝐃 = [
𝑎 0 0
0 𝑏 0
0 0 𝑐

] (3.5) 

 

Finally, the rotation matrix 𝐑contains the information about the orientation of each local coordinate 

with respect to the global frame. Here, the orientation description is performed in terms of Euler angles 

which consider not the individual rotations along each initial coordinate axis, but the sequence of 

rotations, where the second and third rotations are performed along the axes resulting from the 

previous rotation, instead, as depicted in Figure III.2. One begins with a rotation about the initial 𝒛𝒍 for 

a given angle 𝜙. This is followed by a rotation of angle 𝜃 about the new axis 𝑥′ and then by a rotation 

of angle 𝜓 about the resulting axis 𝑧′′. Angles [𝜙, 𝜃, 𝜓] are the three Euler angles. 

 

Figure III.2 - Sequential rotational transformations corresponding to the three Euler angles [𝜙, 𝜃, 𝜓]. 
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This type of description is referred to as ‘yaw-pitch-roll’ and the individual rotation matrices are 

given by 

𝐑𝑧(𝜙) = [
cos𝜙 sin𝜙 0

−sin𝜙 cos𝜙 0
0 0 1

] 𝐑𝑥′(𝜃) = [
1 0 0
0 cos 𝜃 sin 𝜃
0 −sin 𝜃 cos 𝜃

] 𝐑𝑧′′(𝜓) = [
cos𝜓 sin𝜓 0

−sin𝜓 cos𝜓 0
0 0 1

] (3.6) 

 
and the final rotation matrix is the result of their product  

𝐑 = 𝐑𝑧′′(𝜓)𝐑𝑥′(𝜃)𝐑𝑧(𝜙) (3.7) 

 
Thus it is now possible to write expression (3.4) in a more suggestive form 

𝐱𝑔 = [
𝐑𝐃 𝐭
𝟎1𝑥3 1

]𝐱𝑙  (3.8) 

 
The inverse transformation is equally simple to obtain and given by 

𝐱𝑙 = [
𝐑𝐃 𝐭
𝟎1𝑥3 1

]
−𝟏

𝐱𝑔 (3.9) 

 

Both direct and inverse transformations are represented in Figure III.3. 

 
Figure III.3 - Affine transformation between local and global reference systems. 

  



21 

3.2 Shape Models 

The following shape models are considered to be of interest within the topic of research concerning 

the morphology underneath spheroidal articular surfaces, due to the quantifiable information regarding 

macroscopical clinical landmarks they provide. In addition to the commonly seen geometrical features, 

such as articular centres and axes, these landmarks include contact areas and bone volume, which 

allow for functional analyses to be carried out (Anderson et al. 2010; Cerveri et al. 2011; Kang et al. 

2010; Xi et al. 2003).  

These shapes are either direct members of a larger surface family known as quadrics or closely 

related to them. These can be defined as the locus of points whose coordinates satisfy the second-

-degree equation, in its most general and canonical form, with three variables (Liu et al., 2014) 

𝐹𝑄(𝑥𝑔 , 𝑦𝑔 , 𝑧𝑔) = 𝑎𝑥𝑔
2 + 𝑏𝑦𝑔

2 + 𝑐𝑧𝑔
2 + 𝑑𝑥𝑔𝑦𝑔 + 𝑒𝑥𝑔𝑧𝑔 + 𝑓𝑦𝑔𝑧𝑔 + 𝑔𝑥𝑔 + ℎ𝑦𝑔 + 𝑖𝑧𝑔 − 1 (3.10) 

 
Expression (3.10) can be simplified (Lopes, 2013), becoming the dimensionless real-valued scalar 

inside-outside function given by 

𝐹𝑄(𝑥𝑔 , 𝑦𝑔 , 𝑧𝑔) = 𝑎𝑥𝑔
2 + 𝑏𝑦𝑔

2 + 𝑐𝑧𝑔
2 + 𝑔𝑥𝑔 + ℎ𝑦𝑔 + 𝑖𝑧𝑔 − 1 (3.11) 

 

where 𝑎, 𝑏, 𝑐 are shape coefficients which contain the information regarding the dimension parameters 

along the axes 𝑥, 𝑦 and 𝑧, respectively, and 𝑔, ℎ, 𝑖 are the coefficients defining the quadric family type 

of each geometric primitive. 

Note that for simplicity of notation, the description of the geometric primitives considers global 

coordinates and thus the index 𝑔 was let go.  

 

3.2.1 Sphere (S) 

The function that defines a sphere in its implicit representation is given by 

𝐹𝑆(𝑥, 𝑦, 𝑧) = (𝑎𝑥)2 + (𝑎𝑦)2 + (𝑎𝑧)2 (3.12) 

 

where 𝑎 ∈ ℝ+ represents a shape coefficient that holds the radius information and 𝑥𝑙 , 𝑦𝑙 , 𝑧𝑙  ∈ ℝ are the 

local coordinates of the point in space that belongs to the surface. 

The three-dimensional surface generated by function (3.12) can be inspected in Figure III.4. 

 
Figure III.4 - Canonical implicit surface of a sphere. 
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3.2.2 Rotational Ellipsoid (RE) 

According to Gu et al. (2008) and Xi et al. (2003), the expression governing the points located on the 

surface of a rotational ellipsoidal shape is the following 

𝐹𝑅𝐸(𝑥, 𝑦, 𝑧) = (𝑎𝑥)2 + (𝑏𝑦)2 + (𝑏𝑧)2 (3.13) 

 

where 𝑎 ∈ ℝ+ is the dimension parameters along 𝑥, and 𝑏 ∈ ℝ+ is the dimension parameter along 𝑦 

and 𝑧. In a planar view, 𝑎 and𝑏 are the axes providing information on the geometry of the ellipse, and 

are named semimajor axis and semiminor axis, depending on the size relation between them 

(Wolfram MathWorld). In order to obtain a rotational ellipsoidal surface, the planar elliptical curve must 

be rotated around the axis defined by 𝑎, so that the planar curve in the 𝑥𝑂𝑦 plane is geometrically 

equal to the planar curve in 𝑥𝑂𝑧.,  

In Figure III.5, one can see a surface generated by expression (3.13). 

 
Figure III.5 - Canonical implicit surface of a rotational ellipsoid. 

 

3.2.3 Ellipsoid (E) 

An ellipsoid can be obtained through the expression defining a sphere, with the alteration of its shape 

coefficients, as seen in function (3.14). 

𝐹𝐸(𝑥, 𝑦, 𝑧) = (𝑎𝑥)2 + (𝑏𝑦)2 + (𝑐𝑧)2 (3.14) 

 
where 𝑎, 𝑏, 𝑐 ∈ ℝ+are the Semi-axes radii parameters along 𝑥, 𝑦 and 𝑧, respectively. 

Figure III.6 displays the surface generated by expression (3.14). 

 
Figure III.6 - Canonical implicit surface of an ellipsoid. 
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3.2.4 Superellipsoid (SE) 

A superellipsoid constitutes a generalization of ellipsoidal surfaces where the fixed exponent seen in 

ellipsoids is replaced by an arbitrary non-negative value equal or larger than 2. As the exponent 

increases, so does the squareness of the surface, giving it a more rectangular shape (Jaklič et al. 

2000). The inside-outside function representative of a superellipsoid is given by expression (3.15). 

𝐹𝑆𝐸(𝑥, 𝑦, 𝑧) = (𝑎𝑥)2 𝜀1⁄ + (𝑏𝑦)2 𝜀2⁄ + (𝑐𝑧)2 𝜀3⁄  (3.15) 

 

where 𝑎, 𝑏, 𝑐 ∈ ℝ+ are the dimension parameters along 𝑥, 𝑦 and 𝑧, respectively, and 𝜀1, 𝜀2 and 𝜀3 are 

the squareness parameters. These parameters are bound to the range ]0, 1], given the smoothness of 

the shapes being modeled in this work, which means that spheres and ellipsoids are particular cases 

of superellipsoids with all exponents equal to 2 (Barr, 1981).  

Figure III.7 displays a set of superellipsoidal surfaces with increasing exponents and consequently 

decreasing squareness parameters, in order to demonstrate their influence in the surfaces’ 

roundness/squareness. 

A        𝜀1 = 𝜀2 = 𝜀3 = 0.95 B        𝜀1 = 𝜀2 = 𝜀3 = 0.70 C        𝜀1 = 𝜀2 = 𝜀3 = 0.40 

 
  

Figure III.7 - Canonical implicit surfaces of superellipsoids with varying exponents. 

 

3.2.5 Barr’s Superellipsoid (SEB) 

In addition to the generalization of ellipsoids seen in Section 3.2.3, there is a particular case of 

superellipsoidal surfaces first introduced by Barr (1981), which considers two distinct squareness 

parameters, instead of three. The real-valued scalar function that implicitly represents these surfaces 

is the following: 

𝐹𝑆𝐸𝐵(𝑥, 𝑦, 𝑧) = [(𝑎𝑥)2 𝜀1⁄ + (𝑏𝑦)2 𝜀1⁄ ]
𝜀1
𝜀2 + (𝑐𝑧)2 𝜀2⁄  (3.16) 

 

where 𝑎, 𝑏, 𝑐 ∈ ℝ+ are the dimension parameters along 𝑥, 𝑦 and 𝑧, respectively, and 𝜀1, 𝜀2 the 

squareness parameters. 𝜀1 determines the roundness/squareness along the north-south direction, 

while 𝜀2 gives squareness degree in east-west direction (Barr, 1981). These parameters are bound to 

the range ]0, 2], given the smoothness of the shapes being modeled in this work. For values of 𝜀𝑘 , 𝑘 ∈

{1,2} close to 0, the generated surfaces are cuboidal, while ellipsoids and octahedrons are produced 

when 𝜀𝑘 = 1 and 𝜀𝑘 = 2, respectively. 
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In Figure III.8, an example of this type of surfaces can be inspected. 

A        𝜀1 = 0.95; 𝜀2 = 0.70 B        𝜀1 = 0.70;𝜀2 = 0.95 C        𝜀1 = 𝜀2 = 0.80 

   

Figure III.8 - Canonical implicit surface of Barr’s superellipsoids with varying exponents. 

 

3.2.6 Ovoid (O) 

Ovoidal surfaces are the result of revolving a plane curve about the major axis of an egg shape, given 

that it is its only axis of symmetry (Johnson et al., 2001). A particular type of these surfaces were 

introduced by Todd and Smart (1984), and the inside-outside function that describes them is the one 

depicted in expression (3.17):  

𝐹𝑂(𝑥, 𝑦, 𝑧) = (
𝑎𝑥

𝑐0𝑥 + 𝑐1𝑥𝑧 + 𝑐2𝑥𝑧
2 + 𝑐3𝑥𝑧

3
)

2

+ (
𝑏𝑦

𝑐0𝑦 + 𝑐1𝑦𝑧 + 𝑐2𝑦𝑧2 + 𝑐3𝑦𝑧3
)

2

+ (𝑐𝑧)2 (3.17) 

 

where 𝑎, 𝑏, 𝑐 ∈ ℝ+ are the dimension parameters along 𝑥, 𝑦 and 𝑧, respectively, and 𝑐0𝑥, 𝑐1𝑥, 𝑐2𝑥, 𝑐3𝑥, 

𝑐0𝑦, 𝑐1𝑦, 𝑐2𝑦 and 𝑐3𝑦 are ovoidal shape coefficients. The zero and first degree coefficients 𝑐0𝑥, 𝑐1𝑥, 𝑐0𝑦, 

𝑐1𝑦 are restricted to the range [0, 1], while the second and third degree coefficients 𝑐2𝑥, 𝑐3𝑥, 𝑐2𝑦, 𝑐3𝑦 are 

limited to the interval [−0.1, 0.1].  

An example of an ovoidal surface is displayed in Figure III.9. 

 
Figure III.9 - Canonical implicit surface of an ovoid. 

 

3.2.7 Superovoid (SO) 

Ovoidal shapes give rise to superovoidal surfaces through the application of the same reasoning 

already seen in superellipsoids. Superovoids are the generalization of ovoidal forms, where the 

quadratic and fixed exponent is substituted by a positive variable one, inferiorly bounded by 2. The 

inside-outside function defining superovoids is given by 
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𝐹𝑆𝑂(𝑥, 𝑦, 𝑧) = (
𝑎𝑥

𝑐0𝑥 + 𝑐1𝑥𝑧 + 𝑐2𝑥𝑧
2 + 𝑐3𝑥𝑧

3
)

2
𝜀1

+ (
𝑏𝑦

𝑐0𝑦 + 𝑐1𝑦𝑧 + 𝑐2𝑦𝑧2 + 𝑐3𝑦𝑧3
)

2
𝜀2

+ (𝑐𝑧)
2
𝜀3 (3.18) 

 

where 𝑎, 𝑏, 𝑐 ∈ ℝ+ are the dimension parameters along 𝑥, 𝑦 and 𝑧, respectively, and 𝜀1, 𝜀2 and 𝜀3 are 

the squareness parameters, which are bound to the range ]0, 1[, since the exponents are real non-

negative values for smooth convex shapes. As seen in expression (3.17), 𝑐0𝑥, 𝑐1𝑥, 𝑐2𝑥, 𝑐3𝑥, 𝑐0𝑦, 𝑐1𝑦, 𝑐2𝑦 

and 𝑐3𝑦 are the ovoidal shape coefficients, restricted to the same boundaries mentioned before. 

It is worth highlighting the relation between not only superovoids and ovoids, where the latter are 

the particular case of 𝜀1 = 𝜀2 = 𝜀3 = 1.0, but also superovoids and superellipsoids, which are obtained 

if 𝑐1𝑥, 𝑐2𝑥, 𝑐3𝑥, 𝑐1𝑦, 𝑐2𝑦 and 𝑐3𝑦 are set to 0.0 and 𝑐0𝑥 and 𝑐0𝑦 to1.0. 

As it happened with superellipsoids, superovoids present growing levels of squareness for 

increasing exponent values. The differences between surfaces with distinct exponents can be seen in 

Figure III.10. 

A    𝜀1 = 𝜀2 = 𝜀3 = 0.95 B      𝜀1 = 𝜀2 = 𝜀3 = 0.70 C        𝜀1 = 𝜀2 = 𝜀3 = 0.40 

   

Figure III.10 - Canonical implicit surface of superovoids with varying exponents. 

 

3.2.8 Tapered Ellipsoid (TE) 

Additionally to rotating an ellipsoidal shape around an axis, it is also possible to perform other 

deformations to ellipsoids. Tapering grants an extra level of flexibility to the surface and it is performed 

along the major axis of the elliptical cross-section (Mahdavia et al., 2011). The inside-outside function 

that represents these surfaces is given by  

𝐹𝑇𝐸(𝑥, 𝑦, 𝑧) = (
𝑎𝑥

𝑇𝑥𝑧 + 1
)

2

+ (
𝑏𝑦

𝑇𝑦𝑧 + 1
)

2

+(𝑐𝑧)2 (3.19) 

 
where 𝑎, 𝑏, 𝑐 ∈ ℝ+ are the dimension parameters along 𝑥, 𝑦 and 𝑧, respectively. 𝑇𝑥 and 𝑇𝑦 are the 

tapering values in the 𝑥 and 𝑦 directions, restricted between -1.0 and 1.0. 

An example of a tapered ellipsoid can be visualized in Figure III.11. 
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Figure III.11 - Canonical implicit surface of a tapered ellipsoid, with 𝑇𝑥 = −0.28 and 𝑇𝑦 = −0.32. 

 

3.2.9 Barr’s Tapered Superellipsoid (TSEB) 

The application of tapering to the superellipsoidal surface proposed by Barr (1981) results in inside-

-outside function (3.20) which is the combination of expressions (3.16) and (3.19). 

𝐹𝑇𝑆𝐸𝐵(𝑥, 𝑦, 𝑧) = [(
𝑎𝑥

𝑇𝑥𝑧 + 1
)

2 𝜀1⁄

+ (
𝑏𝑦

𝑇𝑦𝑧 + 1
)

2 𝜀1⁄

]

𝜀1
𝜀2

+ (𝑐𝑧)2 𝜀2⁄  (3.20) 

 

where 𝑎, 𝑏, 𝑐 ∈ ℝ+ are the dimension parameters along 𝑥, 𝑦 and 𝑧, respectively; 𝜀1, 𝜀2 the squareness 

parameters, and 𝑇𝑥 and 𝑇𝑦 are the tapering values in the 𝑥 and 𝑦 directions. Both tapering and 

squareness parameters are bounded to the same limits mentioned in sections 3.2.7 and 3.2.8, 

respectively. 

Figure III.12 contains a surface generated by expression (3.20). 

 

A         𝜀1 = 0.95; 𝜀2 = 0.70 B        𝜀1 = 0.70;𝜀2 = 0.95 C        𝜺𝟏 = 𝜺𝟐 = 𝟎.𝟖𝟎 

   

Figure III.12 - Canonical implicit surface of a Barr’s tapered superellipsoid, with varying exponents and tapering coefficients 

given by 𝑇𝑥 = 0.26 and 𝑇𝑦 = 0.31. 

 

3.2.10 Rotational Conchoid (RC) 

If a circle is deformed into a conchoid, the result will be the curve known as Limaçon of Pascal, whose 

schematic representation can be seen in Figure III.13. the expression that describes this family of 

curves is given, in polar coordinates, by 

𝑟 = 𝑎 + 𝑏 cos𝜃 (3.21) 
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where 𝑎, 𝑏 ∈ ℝ+ are the dimension parameters along 𝑦 and 𝑥, respectively, and 𝜃 is the angle between 

the curve 𝑟 and the 𝑦 axis. The length of 𝑟 is measured from the centre of the conchoid, 𝐶𝑅𝐶 

(Menschik, 1997; Anderson et al., 2010). 

 

Figure III.13 - Schematic representation of a planar conchoid, adapted from Anderson et al. (2010). 

 

By rotating the planar curve seen in Figure III.13 around an axis, which normally is overlapping with 

the major axis of the conchoid’s cross-section, the result will be a three-dimensional surface whose 

inside-outside function follows the expression (3.22). 

𝐹𝑅𝐶(𝑥, 𝑦, 𝑧) = (𝑥2 + 𝑦2 + 𝑧2 − 𝑎𝑥)2 − 𝑏2(𝑥2 + 𝑦2 + 𝑧2) (3.22) 

 
where 𝑎, 𝑏 ∈ ℝ+ are the dimension parameters along 𝑦 and 𝑥, respectively, as mentioned before. 

Figure III.14 exhibits an example of such a surface. 

 

Figure III.14 - Canonical implicit surface of a rotational conchoid, taken from Cerveri et al. (2014). 
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Chapter IV 

Methodology 

In this work, the spheroidal articular surfaces of the hip joint were studied in order to understand their 

underlying morphology, in both asymptomatic and pathological conditions. The mathematical models 

used to represent these surfaces were described in Section 3.2 and are drawn from previous studies 

(Barr, 1981; Menschik, 1997; Todd and Smart, 1984). The articular surfaces anatomical and geometric 

information upon which the two studies were conducted was extracted from CT and MRI data sets of 

the hip. The workflow used to process this information was the same for both studies and inspired by 

the work previously carried out by (Lopes et al., 2015). The sequence of steps taken allows the 

removal of the point clouds corresponding to the underlying articular surface geometries present in the 

data sets, and their approximation to the implicit representation of the considered shape models, using 

a genetic algorithm to solve a non-linear least-squares minimization problem. 

The geometric modeling pipeline described in Figure IV.1 begins with image segmentation of both 

the bone-cartilage surfaces composing the hip joint. This process was performed using a combination 

of manual segmentation and a semi-automatic method that relied on active contour evolution, offered 

by the open application ITK-SNAP (versions 3.3 and 3.4) (Yushkevich et al., 2006). The segmented 

images were then imported into ParaView (version 4.3.1), in order to create a surface model 

consisting of polygons from the 3D data and eliminate existing artefacts through smoothing. The 

mesh-based technique used to perform this task is designated marching cubes (Ahrens et al., 2005; 

Lorensen and Cline, 1987). Furthermore, the regions corresponding to the articular surfaces of the hip 

joint were manually selected from the surface model, so that the underlying point cloud resulting from 

the remaining vertices of the surface model could be stored. This step is executed in Blender (version 

2.75). Finally, implicit surface fitting is carried out onto the obtained point clouds for various geometric 

primitives and the results are analyzed and compared based on the Euclidean distance between the 

input points and the fitted surfaces, which provides the surface errors. To obtain these errors, an 

orthogonal distance optimization framework is taken into account, which needs to satisfy a non-linear 

equality constraint given by the implicit surface equation. Both surface fitting and the surface error 

calculations are accomplished in Matlab® (versions R2009b and R2014a). To better understand the 

goodness-of-fit of each of the geometric primitives, a qualitative and quantitative analysis is performed 

on the fitting results using the surface errors.  
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Figure IV.1 - Sequence of computational applications used for anatomical and geometric information extraction and modeling of 

spheroidal articular surfaces of the hip joint. White boxes represent the file formats used as input in the software tools 

referenced in the blue boxes. Examples of each step of the methodology pipeline are available on the right.  
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4.1 Hierarchy of Shape Models 

As mentioned in Chapter II, the articular surfaces of the hip joint are considered to be spheroidal. This 

means that the surfaces which could potentially represent the macroscopic features exhibited by these 

structures should be limited and closed, topologically similar to a sphere, with exception of the 

rotational conchoid, and present second-degree continuity for most of the surface range and 

convexity. The chosen geometric primitives do, in fact, display these properties and their mathematical 

representation is described in Section 3.2, where the relationship between some of the geometric 

primitives is briefly highlighted. It is, however, important to stress the hierarchical connection between 

all the primitives, in order to fully understand how the surface fitting process is built.  

Considering the initial and simplest surface represented in Figure IV.2, the sphere (S), it is possible 

to obtain the remaining surfaces through non-linear morphing operations, such as rescaling, 

exponentiation, and asymmetrization. The changes generated by these actions are easily identified on 

the resulting surface, being the higher level of squareness exhibited by surfaces such as 

superellipsoids (SE), superovoids (SO) and tapered superellipsoids (TSE) an example of the 

modifications introduced by variation in exponentiation. 

The orientation of the arrows composing the graph represented in Figure IV.2 A is an indication of 

which shape models constitute generalizations and which are particular cases within a given 

geometric primitive. For example, superovoids are a generalization of superellipsoids and ovoids, 

whereas ellipsoids are a particular case of both superellipsoids and tapered ellipsoids. 

In Figure IV.2 B, the hierarchical organization of the different geometric primitives was inspired in 

the concept of PowerSets introduzed by Alsallakh and Ren (2016) and is here represented in the form 

of a tree, whose top node “contains” all the remaining surfaces, in the sense that it constitutes the 

broadest surface generalization. 

A B 

 
 

Figure IV.2 - A: Graph illustrative of the origin of each shape model. B: Tree containing the relationships between the various 

geometric primitives. 
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4.2 Image-based Anatomical Modeling 

Current clinical practice is greatly dependent on diagnostic-assistive tools capable of providing highly 

accurate and detailed information regarding the anatomy and geometry of structures of interest. This 

is true in practically every medical branch, but it gains particular importance in orthopaedic and 

surgical areas.  

 

4.2.1 Image Acquisition  

Given the wide variety of imaging modalities that physicians have presently at their disposal, choosing 

the one that will offer the best representation of the structure one wants to analyze is a fundamental 

step in ensuring the geometric and anatomical accuracy of the reconstructed three-dimensional 

model. The segmentation of the articular surfaces in asymptomatic hips was performed on sets of 

computed tomography (CT) images, while the imaging technique used to scan hips presenting FAI 

and dysplasia was magnetic resonance imaging (MRI). CT images are particularly useful to view 

denser structures that contain high capacity to absorb the X-rays passing through them, which is the 

reason why this modality is widely used to screen bony and cartilaginous tissues (Lubovsky et al., 

2005; National Institute of Biomedical Imaging and Bioengineering; Ribeiro et al., 2009). On the other 

hand, MRI scans are extremely sensitive and enable the clear detection of the interfaces between 

distinct types of tissue, such as bone and soft tissue, where ligaments, cartilage and synovial 

membrane are included (Kang et al., 2010; Lubovsky et al., 2005), due to the higher tissue resolution. 

This might be one of the reasons behind the popularity of this imaging modality within diagnostic tools 

used to detect FAI (Mascarenhas et al., 2015). 

Both the aforementioned imaging techniques produce representations of real anatomical structures 

with an immense level of geometric and topological precision, ensuring the reliability of the raw data. 

Events of high distortion, such as artefacts and noise, were not noticeable on the images. The 

equipment and conditions used to perform the screenings will be described for one subject of the 

population considered in the morphological study of asymptomatic hips, and for one subject of the FAI 

presenting population considered in the comparison study of asymptomatic and pathological hips.  

Regarding the first subject, the set of CT images of the hip was acquired from a 39-year-old 

female, using a Philips MX 8000 IDT 16 (manufactured by Philips Medical Systems, The Netherlands), 

which produced high image spatial resolution, with voxel resolution of close to 10-1 mm3. The 

acquisition matrix was of 512×512 and 355 slices were obtained, with a slice thickness of 1.5 mm and 

an in-plane resolution of 0.664×0.664 mm. This set of images is available in OsiriX’s DICOM sample 

image sets website (OsiriX) under the name of PELVIX case. 

Concerning the second subject, the left side of the hip was screened using an MRI examination 

performed by a Siemens MAGNETOM® 3T Verio (manufactured by Siemens Healthineers, Germany). 

The scan was conducted on a 48-year-old male, using a T1-weighted fluid-attenuated sequence, 
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producing a set of 120 slices of 0.8 mm of thickness, on an acquisition matrix of 224×224 and with an 

in-plane resolution of 0.804×0.804 mm. The subjects considered in both studies had been informed of 

the intention to use their respective image sets and provided their written informed consent. 

 

4.2.2 Three-dimensional Model Construction 

The geometric modeling process began with image segmentation of the articular surfaces of the hip 

joint, which consists of outlining the smooth cortical bone boundaries displaying a close homogenous 

curvature. To perform this task, a semiautomatic approach was used, requiring the definition of a 

global threshold to the images, as shown in Figure IV.3, so the algorithm can determine the probability 

of each voxel – the 3-D equivalent to a pixel and the smallest distinguishable element of a 3-D object – 

belonging to the structure of interest. This approach follows the active contour method defined by Zhu 

and Yuille (1996). The errors resulting from this semiautomatic framework were corrected manually, 

slice by slice.  

A B C 

   

Figure IV.3 - Axial view of the left hip joint articular surfaces. A: original CT image of the acetabulum and femoral head. B: 

segmented CT image with global thresholding. C: overlapping of segmented image of the acetabular cavity (in red) and original 

images. 

 

Once the segmentation task was concluded, the data corresponding to the acetabular cavity and 

the femoral head was converted into a surface, using the mesh-based and surface construction 

technique called marching cubes (Lorensen and Cline, 1987). This step resulted in a triangular 3-D 

surface mesh and was automatically performed in ITK-SNAP. The voxels in the 3-D image have an 

intensity value attributed to them which determines the inclusion of the voxel in the construction of the 

surface or not. That decision is based on whether the intensity value is above or below a user-

-specified value, also known as isovalue, respectively. After all the voxels in the image are considered, 

the result is a surface boundary composed by triangular elements that, once connected, form an 

isosurface, as represented in Figure IV.4, which was imported into ParaView for further mesh 

adjustments (Ribeiro et al., 2009).  
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Figure IV.4 - Isosurface based on the segmentation image of the left acetabulum. (Left) 3-D surface mesh visible in ITK-SNAP. 

(Right) 3-D surface mesh imported into ParaView. 

 

The generated model presented some undesired geometric features, such as a stair-like aspect 

and an extremely large number of vertices and edges that introduce redundancy and do not add value 

to the model. In order to address the first issue, a Laplacian filter was applied to the isosurface, 

allowing its topology (number of vertices and triangular elements) to remain unmodified, and the 

smoothing of the vertices’ position relatively to their neighbours. This tuning brought changes to the 

geometry of the model by awarding the smoothed vertices new coordinates, which depend on the 

coordinates of the adjacent nodes. The repositioning of a single node 𝑝𝑖 from position 𝐱𝑖 to position 

𝐱𝑖+1 respected the following expression: 

𝐱𝑖+1 = 𝐱𝑖 + 𝜆∑(𝐱𝑗 − 𝐱𝑖)

𝑛

𝑗=1

 (4.1) 

 
where 𝐱𝑗 are the positions of the 𝑛 adjacent nodes 𝑝𝑗 connected to 𝑝𝑖 and 𝜆 is the parameter 

responsible for determining the level with which the smoothing operation is performed. 𝜆 is specified 

by the user and the higher its value, the stronger the smoothing effect. This type of filtering is a very 

common operation used to improve the overall appearance of meshes exhibited high levels of stair-

-like artefacts.  

Regarding the number of vertices and edges composing the 3-D model, it is important to take into 

account the increase in computational power required to process a very high amount of nodes, even 

though a large number of surface elements is necessary to guarantee high resolution in three-

-dimensional visualization procedures. Therefore, mesh simplification is a vital part of the geometric 

model reconstruction where a compromise between geometrical and topological detail and processing 

capacity needs to be made.  

The mesh simplification technique that followed the smoothing operation is referred to as 

decimation and it was introduced by (Schroeder et al., 1992). This operation allows the reduction of 

the total number of triangles in a triangular mesh by going through all the vertices several times and 

removing the ones that meet the elimination criteria. The assessment of whether a certain node is 

eligible to be removed is based on three steps, involving characterization of the local geometry and 
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topology; evaluation of the decimation criterion specific to the classification attributed to the node 

based on the previous step; and triangulation of the hole, which was created by the removal of the 

node being evaluated, and all the triangles that used this node. The deleting process repeats until the 

termination restriction, which is usually a reduction percentage defined by the user, has been met.  

Given that the number of vertices in the mesh was reduced, the surface resolution decreased and 

mesh topology was not preserved. However, the outcome revealed a good approximation to the 

original geometry and the artefacts introduced by the decimation procedure were removed by a 

second smoothing operation (Ribeiro et al., 2009).  

Figure IV.5 displays the differences in mesh appearance resulting from the application of 

smoothing and decimation operations. 

  

Figure IV.5 - (Left) 3-D surface mesh of the left acetabulum after decimation. (Right) 3-D surface mesh of the left acetabulum 

after a combination of smoothing and decimation procedures. 

 

The regions of interest in terms of the morphology of the hip joint articular surfaces are strictly the 

cortical bone structures presenting a smooth, convex and closed homogenous curvature. Therefore, 

the areas of the 3-D surface mesh corresponding to the anatomical relevant structures were identified 

and manually delimited in Blender, resulting in a much smaller triangular mesh than the one 

constructed from the segmented image, as shown in Figure IV.6. It should be noted that when 

delimiting the articular surfaces of each mesh, the areas corresponding to the acetabular fossa and 

the insertion point of ligamentum teres in the femoral head do not contribute for articular contact and 

are said to jeopardize the surface fitting process (Cerveri et al., 2014). Therefore, these regions were 

not considered. 

From this simpler mesh, the edges and faces were deleted until only the vertices remain, 

generating a point cloud containing the same high-resolution geometric measurements found in the 

3-D surface model. 
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Figure IV.6 - Manual delimiting of the articular surface of the acetabular cavity and extraction of the associated point cloud 

corresponding to the acetabular lunate, depicted on the right side. 

 

4.2.3 Point Cloud Adjustments 

Regardless the reduction of vertices performed by the decimation operation on the surface mesh, the 

number of points composing the point cloud generated by the elimination of edges and faces might 

still be too large and/or unevenly distributed. Given that articular surfaces are well represented by their 

global features and surface fitting algorithms are prone to error when dealing with an overload of 

geometric information, it is neither required nor advisable to keep local topographic details. Therefore, 

only a fraction of the points comprised in the original point cloud was maintained and given as input to 

the surface fitting process. Nevertheless, when defining the degree of downsampling, it must be taken 

into consideration the optimal amount of data required by the surface fitting optimizer to produce 

meaningful anatomical results. Satisfactory results were considered to be obtained from point clouds 

presenting between 1000 and 1300 points. 

The downsampling procedure the point cloud undergoes increases its homogeneity by uniformly 

selecting a set of points that is representative of the original point cloud. The selection procedure did 

not attribute special importance to any portions of the point cloud and consisted of drawing a point 

from it using a pseudorandom number generator with a standard uniform distribution. This point 

became the centre of an open ball, whose radius was predefined, which delineated the neighbourhood 

containing the points that should be disregarded. Thus, all the points inside this small radius open ball 

were eliminated and only the point previously selected and labeled as the centre of the open ball 

remained. After, another point was chosen and checked to assure that there are no duplicates or 

outliers in the new randomly selected point cloud. This process was repeated until the fraction of 

points considered to be acceptable to go into the surface fitting optimizer and chosen in advance was 

achieved. As an example, Table IV.1 shows the necessary metrics and results of the downsampling 
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procedure applied to the point clouds of a femoral head and acetabular cavity of one of the subjects 

included in the asymptomatic population of the comparison study of asymptomatic and pathological 

hips. 

Table IV.1 - Downsampling procedure. The size of the original point cloud is reduced to a fraction previously defined to 

accommodate the performance requirements of the surface fitting optimizer. The open ball radius guarantees a uniformly 

downsampled point cloud. 

 
Size of original point 

cloud (PCO) 

Size of reduced point 

cloud (PCR) 

Reduction fraction 

(PCR / PCO) 

Open ball 

radius (mm) 

Femoral head 15262 1200 ~ 8% 0.3 

Acetabular 

cavity 
2651 1200 ~45% 0.3 

 

 

4.3 Surface Fitting  

Approximating the object model that is the best representative of a point cloud requires model fitting 

algorithms capable of estimating the model parameters. Here, the purpose was to compute the 

parameters that define the geometry of the surface from the unstructured point cloud, for each of the 

shape models considered in Section 3.2 and following the hierarchy of non-linear surface evolution 

described in Figure IV.2 A. This process occurred by direct fitting of an implicit surface to a point cloud 

and constituted a non-linear optimization problem with simple boundary constraints based on the 

least-squares method (LSM), which minimizes the square sum of a predefined error-of-fit (EOF) 

objective function  (Ahn, 2004).  

For a point cloud with 𝑛 ∈ ℕ points in Cartesian space belonging to the outer cortical bone surface 

of the hip joint, the vector of geometric parameters 𝛌 ∈ ℝ𝑚, where 𝑚 ∈ ℕ is the number of parameters 

characterizing a given implicit surface, which minimizes the EOF objective function, 𝐸𝑂𝐹(𝛌), was 

determined. This objective function is defined as the square sum of residual function 𝒇 for each point 

𝑖 = {1,… , 𝑛}, where 𝑓 is the difference between the shape model function and the 𝒊-th point datum, as 

depicted in expression (4.1): 

min
𝛌

𝐸𝑂𝐹(𝛌) = min
𝛌

∑ 𝑓𝑖
2(𝑥𝑔 , 𝑦𝑔 , 𝑧𝑔; 𝛌)

𝑛

𝑖=1
= min

𝛌
∑ (1 − 𝐹𝑖(𝑥𝑔 , 𝑦𝑔 , 𝑧𝑔; 𝛌))

2𝑛

𝑖=1
 (4.1) 

 
under the restriction  

𝐥 ≤ 𝛌 ≤ 𝐮 (4.2) 

 

where 𝑭is the implicit surface representation of the a given shape model and 𝐥, 𝐮 ∈ ℝ𝑚 are the lower 

and upper bound column vectors, respectively, setting the limits for the solution presented in 𝛌. In 

addition to the parameters needed to define each shape model, such as curvature and, in the case of 
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ovoids, asymmetry, vector 𝛌 also includes the rotation and translation factors used in the affine 

transformations. It is, therefore, a vector of global anatomical information. 

Table IV.2 summarizes the different shape models used in the studies and the vector of geometric 

parameters associated to each of them. For the shape models that include squareness parameters, 

the exponents are represented as 𝛾 = 2
𝜀⁄  

Table IV.2 - Vector of geometric parameters for all shape models considered and respective number of degrees of freedom, 

given by the total number of surface parameters, m. 

Shape model 𝛌 m 

S 𝛌s = [𝑎, 𝑡1, 𝑡2, 𝑡3]
𝑇 4 

E 𝛌E = [𝑎, 𝑏, 𝑐, 𝑡1, 𝑡2, 𝑡3, 𝜙, 𝜃,𝜓]𝑇 9 

SE 𝛌SE = [𝑎, 𝑏, 𝑐, 𝛾1 , 𝛾2 , 𝛾3, 𝑡1, 𝑡2, 𝑡3,𝜙, 𝜃,𝜓]𝑇 12 

O 𝛌O = [𝑎, 𝑏, 𝑐, 𝑐0𝑥 , 𝑐1𝑥 , 𝑐2𝑥 , 𝑐3𝑥 , 𝑐0𝑦 , 𝑐1𝑦 , 𝑐2𝑦 , 𝑐3𝑦 , 𝑡1, 𝑡2, 𝑡3, 𝜙, 𝜃, 𝜓]𝑇 17 

SO 𝛌SO = [𝑎, 𝑏, 𝑐, 𝛾1 , 𝛾2, 𝛾3 , 𝑐0𝑥 , 𝑐1𝑥 , 𝑐2𝑥 , 𝑐3𝑥 , 𝑐0𝑦 , 𝑐1𝑦 , 𝑐2𝑦 , 𝑐3𝑦 , 𝑡1, 𝑡2, 𝑡3, 𝜙, 𝜃, 𝜓]𝑇 20 

RE 𝛌RE = [𝑎, 𝑏, 𝑡1, 𝑡2, 𝑡3, 𝜙, 𝜃,𝜓]𝑇 8 

TE 𝛌TE = [𝑎, 𝑏, 𝑐, 𝑇𝑥 , 𝑇𝑦 , 𝑡1, 𝑡2, 𝑡3, 𝜙, 𝜃,𝜓]𝑇 11 

SEB 𝛌SEB = [𝑎, 𝑏, 𝑐, 𝛾1 , 𝛾2, 𝑡1, 𝑡2, 𝑡3, 𝜙, 𝜃, 𝜓]𝑇 11 

TSEB 𝛌TSEB = [𝑎, 𝑏, 𝑐, 𝛾1 , 𝛾2, 𝑇𝑥 , 𝑇𝑦 , 𝑡1, 𝑡2, 𝑡3, 𝜙, 𝜃, 𝜓]𝑇 13 

RC 𝛌RO = [𝑎, 𝑏, 𝑡1, 𝑡2, 𝑡3, 𝜙, 𝜃, 𝜓]𝑇 8 

 

 All the parameters illustrated in Table IV.2 were subjected to the restrictions mentioned in 

Section 3.2. Note that for surfaces exhibiting exponents larger than 2, the change in exponent 

representation means that 𝛾1 , 𝛾2 and 𝛾3 are restricted to the range [2,+∞[. 

Solving the minimization problem is not a trivial operation, considering the non-linearity of each 

objective function, 𝐸𝑂𝐹(𝛌) (MathWorks). A common approach to address such optimization problems 

is to use Genetic Algorithms (GAs), which fall under metaheuristic methods. GAs are stochastic global 

search and optimization methods that can solve constrained and unconstrained problems based on 

natural selection, genetics and the biological evolution process (Chipperfield and Fleming, 1995). GAs 

use previous information to direct the search into the region of better performance within the search 

space, the same way that in nature, genetic information is stored and perpetuated according to its 

fitness to the conditions of the environment. This way, the principle of survival of the fittest is used to 

produce better approximations to an optimal solution.  

The algorithm randomly generates an initial population and evolves through the three distinct 

operators found in nature (Imperial College London, Department of Computing): 

 Selection: the population’s goodness-of-fit is evaluated according to an objective function. 



38 

 Crossover:  within the population, there can be an exchange of information between two 

individuals. The resultant individuals are passed onto the next generation and the “better” 

the individuals involved in the process, the more likely it is that the new ones will be even 

better. 

 Mutation: modifications are randomly introduced in the population, in order to maintain 

diversity and inhibit early on convergence. 

By using these three operators, each generation of a GA represents a new set of approximations 

created by individuals which exhibit good fitness levels in the problem domain and are reproduced to 

facilitate the convergence towards the optimal solution (Chipperfield and Fleming, 1995). 

The evolution of the algorithm includes the following steps, which are repeated until the termination 

criteria are met. 

1. Random initialization of population 𝑖 

2. Fitness evaluation of population 𝑖 

3. Iteration: 

3.1 Selection of parents from population 𝑖 

3.2 Crossover on parents to create population 𝑖 + 1 

3.3 Mutation on population 𝑖 + 1 

3.4 Fitness evaluation of population 𝑖 + 1 

With the purpose of assuring a more efficient and effective search, the initial population going into 

the GA was chosen within the neighbourhood of the global solution. This was valid for each shape 

model, but the origin of the initial approximation differed from one to another. Regarding the sphere 

and ellipsoid shapes, a least squares approach with quadric surface approximation, introduced by Dai 

and Newman (1998), was used to provide the geometric information that closely estimated the optimal 

solution. Here, an attempt was made to find the least squares solution for a set of 𝒏 linear equations, 

where 𝒏 is the size of the sample data. The solution consists in a vector of the geometric surface 

parameters that characterize the shape that best fits the point cloud, and can be obtained by solving 

the problem formulated as the following: 

𝐀0𝐗0 = 𝐛 (4.3) 

  
where 𝐀0 is coefficient matrix of the linear of the set of linear equations 

𝐀0𝑛𝑥𝑚
=

[
 
 
 
𝑥0

2 𝑦0
2 𝑧0

2 𝑥0𝑦0 𝑦0𝑧0 𝑧0𝑥0 𝑥0 𝑦0 𝑧0

𝑥1
2 𝑦1

2 𝑧1
2 𝑥1𝑦1 𝑦1𝑧1 𝑧1𝑥1 𝑥1 𝑦1 𝑧1

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
𝑥𝑛

2 𝑦𝑛
2 𝑧𝑛

2 𝑥𝑛𝑦𝑛 𝑦𝑛𝑧𝑛 𝑧𝑛𝑥𝑛 𝑥𝑛 𝑦𝑛 𝑧𝑛]
 
 
 
 (4.4) 

 

with 𝑚 being the total number of surface parameters characterizing the shape model. The set of 

known variables is, therefore, given by 
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𝐗0 = [𝑘1 𝑘2 ⋯ 𝑘𝑚]𝑇 (4.5) 

 
and the right-side term of equation (4.3) is 

𝐛𝑛𝑥1 = [1 1 ⋯ 1]𝑇 (4.6) 

 
The solution 𝐗0 results from the computation of 

𝐗0 = (𝐀0
T𝐀0)

−1
𝐀0

T𝐛 (4.7) 

 
and can be obtained by minimizing the residual error given by 

𝐞𝑟 =∥ 𝐀0𝐗0 − 𝐛 ∥2 (4.8) 

 
If, however, the approximation is not performed correctly, a different set of points is selected, so 

that 𝐀0
T𝐀0 can be accurately invertible. The resulting approximations of the sphere and ellipsoid 

shapes constituted a good starting point in the search for the best affine parameters, i.e., dimensions, 

relative position and spatial orientation. 

The surface fitting process of the remaining geometric primitives considered used as an initial 

approximation the optimal solutions obtained from the fitting process of the shape models 

hierarchically linked to them, as determined in Figure IV.2 A. For instance, superellipsoid, tapered 

ellipsoids, and ovoid fittings were initiated with resource to the optimal ellipsoid parameters. In turn, 

the optimal parameters found for ovoids and superellipsoids were used as the initial approximation for 

superovoids. 

The lower and upper boundaries restraining the fitting process consisted of simple inequalities 

affecting the surface parameters and took the form of a set of intervals centred at the interpolated 

ellipsoid parameters. The non-affine parameters were user-defined constants.  

The surface fitting optimizer took advantage of the Genetic Algorithm and Direct Search ToolboxTM, 

available in MATLAB®, and the code was run on an Intel® CoreTM i5 processor 2.4 GHz and 5 GB of 

RAM. For each surface fitting case, execution times were measured.  

 

4.4 Surface Fitting Error Analyses 

Even though optimization settings and good initial approximations are extremely important and 

effective at directing the optimization algorithm towards the optimal solution, there is still a residual 

surface fitting error, which is the criterion used to compare the goodness-of-fit between different 

geometric primitives. There are many options as to what is defined as a surface fitting error. One of 

the most popular in dimensional data processing, and the one used in the surface fitting optimizer is 

the Euclidean distance, also referred to as shortest distance, geometric distance or orthogonal 

distance. Minimizing geometric distance errors has high computing costs which lead to difficulties in 
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the development of appropriate fitting. However, it guarantees highly accurate and reliable estimation 

of model parameters, making it indispensable in 3-D data processing (Ahn, 2004). 

PseudoEuclidean distance was measured between the fitted surface and each point of the point 

cloud. In the spherical case, this distance was actually the Euclidean distance and therefore equal to 

the physical distance. The minimum distance between each point of the point cloud and the optimally 

fitted surface used the signed Euclidean distance, SED, and was computed as: 

min
𝐱OS

𝑆𝐸𝐷(𝐱OS; 𝐱OP) = min
𝐱OS

sign(𝐹(𝐱OP)) ∥ 𝐱OP − 𝐱OS ∥2= min
𝐱OS

 ∥ 𝐝PS ∥2 (4.9) 

 
and must respect the non-linear equality constraint 

𝐹(𝐱OS;𝛌
∗) = 1 (4.10) 

 

where 𝐱OS ∈ ℝ3 is the point belonging to the fitted surface and 𝐱OP ∈ 𝒫𝒞 is the point from the point 

cloud which can lie inside, outside or on top of the surface. 𝐱OS is in the neighbourhood of 𝐱OP, within 

a tolerance vector 𝐞, which takes the form 𝐞 = 𝑒[1 1 1]𝑇, with 𝑒 much smaller than the axial 

dimensions of the surface. 

𝐱OP − 𝐞 ≤ 𝐱OS ≤ 𝐱OP + 𝐞 (4.11) 

 
sign(. ) is the sign function, 𝐝PS ∈ ℝ3 represents the distance vector between point P of the point cloud 

and the iterated surface point S, 𝐹 is the implicit surface representation for each of the geometric 

primitives given by expressions (3.12)-(3.21), and 𝛌∗ is the vector of geometric parameters 

characterizing the optimally fitted surface. As illustrated in Figure IV.7, the admissible set of solutions 

that was considered for this minimization problem was located within a cube 2𝒆 wide and satisfied the 

non-linear equality constraint defined by the zero-set implicit surface functions (3.12)-(3.21).  

As for the optimization problem regarding the surface fitting, the MATLAB® optimization toolbox 

and the implemented genetic algorithm were used to solve Equation (4.9). Similarly, execution times 

were measured for each geometric primitive and both anatomical structures, femoral head and 

acetabular cavity. 



41 

 
Figure IV.7 - Set of possible solutions for the minimum Euclidean distance between a point P from the point cloud and the 

implicit surface given by function 𝑭. 

 

The analysis of the surface fitting errors had two components. The first constituted a qualitative 

analysis, where the approximation of both point cloud and the respective fitted surface was visually 

inspected. This allowed for a generalized assumption of the overall goodness-of-fit of the estimated 

surface. If the approximated surface did not pass this first examination, revealing regions of very poor 

fit and/or anatomical inaccuracy, the surface parameters must be recalculated. The second 

component composing the analysis was of a quantitative nature and relied on the surface fitting errors 

measured as the signed Euclidean distances and the first-order statistics associated with them. These 

included mean error, standard deviation, minimum error and maximum error, and root mean square 

(RMS) error. Along with visual inspection, the statistical measures provided insight on whether the 

surface parameters have anatomical meaning and how well adjusted they were in terms of dispersion 

and central tendency.  

In this way, there was both visual and numerical information to support the decision on which 

shape model is more representative of the real medical data. 
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Chapter V 

Results and Discussion 

5.1 Morphological Study of Asymptomatic Hip Joints 

Understanding the underlying morphology of the articular surfaces of the hip joint is a necessary step 

to fully comprehend the anatomical, geometrical and biomechanical aspects that compose this 

spheroidal joint, whose influence in one’s movement ability is so undeniable, that its failure has to be 

compensated by surgical correction and/or substitution of the joint. However, the treatment of a non-

-physiological hip joint presumes knowing what a physiological hip joint is, how it is ordinarily 

presented and the anatomical and physiological variations it can accommodate. Although some work 

has been carried out in this area, to our knowledge it was still lacking a thorough and exhaustive 

comparison between the variety of morphological shapes which can theoretically resemble and 

represent spheroidal joints. With the aim of summarizing the research regarding surface fitting applied 

to spheroidal articular surfaces of the hip joint, femoral head (FH) or acetabular cavity (AC), a list of 

authors and main study features was collected and presented in Table V.1. Here, one can see that 

only three studies considered both articular surfaces of the hip joint, but the studies carried out by 

Anderson et al. (2010) and Gu et al. (2011) performed their analysis on populations of 1 and 2 

subjects, respectively, which questions the significance of the results. On the other hand, only two 

geometric primitives were fitted to anatomical data and did not present a high degree of non--linearity 

between them. Also, it clearly shows that the most comprehensive study on the morphology of the hip 

joint done to date includes five shape models and solely one of the articular surfaces composing the 

joint (Lopes et al., 2015).  

Table V.1 - Summary of studies regarding surface fitting of geometric primitives onto spheroidal articular surfaces of the hip 

joint. (FH – Femoral Head; AC – Acetabular Cavity; S - Sphere; RE - Rotational Ellipsoid; E - Ellipsoid; SE - Superellipsoid; 

O -  Ovoid; SO - Superovoid; RC - Rotational Conchoid). 

Author(s), 

Year 

Size of 

population 

Anatomical 

Structure 

Geometric 

Primitives 

Surface fitting error (mm) 

Mean μ RMS 

Menschik, 

1997 
10 

FH 
S  0.155 (min) 

RC  0.148 (min) 

AC 
S  0.187 (min) 

RC  0.152 (min) 

Xi et al., 

2003 
12 AC 

 Male Female  

S 0.39 0.50  

RC 0.43 0.53  

E 0.29 0.38  

Kang, 2004 8 AC, FH S, RC -  

Gu et al., 

2008 
25 AC 

S 0.498  

RE 0.446  



43 

Table V.1 - (Continuing) Summary of studies regarding surface fitting of geometric primitives onto spheroidal articular surfaces 

of the hip joint. (FH – Femoral Head; AC – Acetabular Cavity; S - Sphere; RE - Rotational Ellipsoid; E - Ellipsoid; 

SE - Superellipsoid; O -  Ovoid; SO - Superovoid; RC - Rotational Conchoid). 

Author(s), 

Year 

Size of 

population 

Anatomical 

Structure 

Geometric 

Primitives 

Surface fitting error (mm) 

Mean μ RMS 

Anderson et 

al., 2010 
1 

FH 
S 0.182  

RC 0.531  

AC 
S 0.172  

RC 0.530  

Gu et al., 

2010 
25 AC 

S 0.423  

RE 0.496  

Kang et al., 

2010 
14 AC RC  

Cerveri et al., 

2011 
20 AC 

S  1.6 

E  1.5 

Gu et al., 

2011 
2 

FH 

 Male Female 
 

S 0.374 0.404 

RE 0.348 0.373  

AC 
S 0.434 0.656  

RE 0.398 0.590  

Cerveri et al., 

2014 
11 AC 

S 1.95  

RC 1.28  

E 1.14  

Lopes et al., 
2015 

11 FH 

S 0.643  

E 0.544  

SE 0.532  

O 0.484  

SO 0.493  

 

The study here presented aimed at characterizing the morphological features of both articular 

surfaces of the hip joint within a broad spectrum of geometric primitives, presenting a compact number 

of geometric modeling parameters that are intuitive, easily controllable, and able to describe 

macroscopic features. By testing shape models with increasing levels of complexity, it was possible to 

identify which geometric and topological parameters are more relevant in defining the specificity of the 

hip joint within spheroidal joints. Thus, the study consisted in applying a surface fitting procedure using 

10 different geometric primitives, described in Section 3.2, to the point clouds associated to the 

femoral head and acetabular cavity of a population of 11 subjects, whose results are presented below.  

In order to improve the general understanding of the discussion, results for femoral and acetabular 

cases are presented separately. 
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5.1.1 Femoral Head 

The initial assessment of the overall goodness-of-fit of the approximated surfaces, performed by visual 

examination, suggests that the chosen shape models adjust well to the global anatomy of the articular 

surface in all the 11 cases. Before proceeding to the general analysis of the surface fitting results, a 

comparison between the goodness-of-fit of both original and downsampled point clouds to three shape 

models is made for subject 11, in Figure V.1. Note that the original point cloud extracted from the 3-D 

surface model corresponding to the subject’s medical data is represented in green, whereas the blue 

points correspond to the sampled point cloud used in the surface fitting algorithm. It is clear that the 

quality of approximation of the original point cloud is not affected by the undergone sampling process, 

which is vital to decrease the computational power required to solve the optimization problem.  

   

Figure V.1 - 3-D views of three optimally fitted surfaces for subject 11’s femoral head, using original and reduced point clouds. 

Original point cloud coloured in green and sampled point cloud is represented in blue. (S - Sphere; TE - Tapered Ellipsoid; 

SO - Superovoid). 

 

The results from the surface fitting process are shown for subject 11, in Figure V.2, and the 

comparison between all 10 geometric primitives can be visually performed. Although this analysis is 

prone to subjective interpretation, it is still possible to ascertain whether the local solutions are close to 

being optimal. Here, the approximation was performed using the reduced point cloud of subject 11’s 

femoral head, which was coloured as a function of each point’s Euclidean distance to the optimally 

fitted surface. The colour code uses three gradients: points located inside the surface below -1.0 mm 

are given the colour red whose intensity increases with the distance to the surface; exterior points 

located above 1.0 mm of the surface are given the colour blue following the same intensity criterion as 

the interior points; and all points within -1.0 mm and 1.0 mm of distance to the approximated surface 

are coloured in a grayscale, where brighter shades correspond to smaller distances with white being 

the minimum distance. 

Because of the more sphere-like appearance of the femoral head, the asphericity of the optimally 

adjusted surfaces in these cases is more difficult to identify by human eye than for acetabular articular 

surfaces. The geometric properties which endow asphericity and higher geometric modeling freedom 

to the shape models originating from morphing transformations applied to the sphere are not clearly 

pronounced in the set of surfaces represented below, even though the non-spherical primitives allow 



45 

for a better fit to the femoral head point cloud, as demonstrated by the higher number of grayscale 

points in these surfaces’ adjustments. 

 

Figure V.2 - 3-D view of the optimally fitted surfaces for subject 11’s femoral head, with azimuth and elevation angles of 45°.  

Point clouds are coloured according to the Euclidean distance to the approximated surface, where more interior points are given 

the colour red whose intensity increases with distance to the surface, and more exterior points are given the colour blue whose 

intensity follows the same pattern as the interior points. Points closer to the surface are coloured in a grayscale, being white the 

colour corresponding to the minimum distance. (S - Sphere; RE - Rotational Ellipsoid; E - Ellipsoid; SE - Superellipsoid; 

SEB - Barr’s Superellipsoid; O -  Ovoid; SO - Superovoid;  TE - Tapered Ellipsoid; TSEB - Barr’s Tapered Superellipsoid; 

RC - Rotational Conchoid). 

 

The quantification of the differences between all shape models and assessment of their 

goodness-of-fit was performed using first-order statistics for each individual and for the whole 

population. These included the mean, standard deviation, minimum, maximum, and root mean square 

(RMS) of the surface fitting errors. Even though RMS is already included in the standard deviation of 

the fitting errors, its discrimination indicates the magnitude of the set of values used in its calculation, 

i.e., the typical size of the numbers. Thus, it was considered as an important metric to compare results 

corresponding to the population as a whole. Tables V.2 and V.3 contain this statistical information for 

all subjects considered in the study and for all geometric primitives. The information contained in 
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Table V.3 is also displayed in Figure V.3 so that the evolution of surface fitting errors for all 10 shape 

models can be more promptly visualized. 

Table V.2 - Surface fitting errors statistical analysis of the femoral head for each shape model and individual. All metrics are 

represented in millimeters (mm). For each subject, the total number of points used in the optimization algorithm is indicated by  

N. (S - Sphere; RE - Rotational Ellipsoid; E - Ellipsoid; SE - Superellipsoid; SEB - Barr’s Superellipsoid; O -  Ovoid; 

SO - Superovoid;  TE - Tapered Ellipsoid; TSEB - Barr’s Tapered Superellipsoid; RC - Rotational Conchoid). 

Subject Gender Age Side N  S RE E SE SEB 

1 F 31 L 1265 𝜇 0.595 0.392 0.596 0.533 0.384 

𝜎 0.472 0.378 0.479 0.459 0.392 

Min -2.506 -1.963 -2.478 -2.555 -2.250 

Max -3.8 × 10-5 2.214 2.220 2.056 2.335 

2 M 28 R 1506 𝜇 0.580 0.527 0.584 0.570 0.483 

𝜎 0.507 0.464 0.500 0.518 0.438 

Min -3.464 -2.606 -2.616 -2.351 -2.223 

Max -2.3 × 10-5 2.556 3.462 3.463 2.347 

3 F 29 L 1085 𝜇 0.569 0.613 0.485 0.466 0.566 

𝜎 0.485 0.522 0.447 0.450 0.500 

Min -2.770 -2.711 -2.448 -2.249 -2.398 

Max -4.7 × 10-5 3.462 2.176 2.279 3.463 

4 M 24 L 1097 𝜇 0.811 0.546 0.744 0.731 0.505 

𝜎 0.603 0.511 0.564 0.557 0.459 

Min -3.464 -2.141 -2.573 -2.739 -2.271 

Max -3.2 × 10-5 3.462 3.464 3.464 3.433 

5 F 21 R 1145 𝜇 0.698 0.596 0.563 0.524 0.571 

𝜎 0.552 0.543 0.508 0.485 0.513 

Min -3.461 -2.362 -2.242 -2.445 -2.570 

Max -5.1 × 10-5 3.457 3.462 3.460 3.459 

6 F 21 R 1107 𝜇 0.602 0.685 0.430 0.451 0.644 

𝜎 0.517 0.575 0.420 0.438 0.555 

Min -2.616 -2.715 -2.122 -2.135 -2.466 

Max -5.5 × 10-5 3.463 2.020 2.265 3.462 

7 M 30 R 1106 𝜇 0.709 0.536 0.461 0.491 0.510 

𝜎 0.530 0.487 0.465 0.481 0.484 

Min -2.723 -2.400 -2.164 -2.365 -2.237 

Max -6.2 × 10-5 2.401 2.274 2.131 2.228 

8 M 32 L 1132 𝜇 0.704 0.481 0.647 0.640 0.451 

𝜎 0.508 0.463 0.493 0.474 0.437 

Min -2.473 -2.154 -2.604 -2.451 -2.106 

Max -3.9 × 10-5 2.522 2.200 2.353 2.294 

9 M 27 L 1065 𝜇 0.691 0.551 0.609 0.583 0.545 

𝜎 0.524 0.479 0.476 0.477 0.477 

Min -3.451 -2.636 -2.309 -2.899 -2.402 

Max -8.7 × 10-5 2.173 3.463 3.319 2.256 

10 F 21 R 1117 𝜇 0.821 0.669 0.515 0.528 0.631 

𝜎 0.494 0.495 0.440 0.447 0.486 

Min -2.608 -2.438 -2.315 -2.676 -2.310 

Max -1.1  × 10-4 3.464 2.460 2.047 3.272 

11 F 39 L 1759 𝜇 0.437 0.621 0.408 0.398 0.530 

𝜎 0.429 0.481 0.397 0.396 0.452 

Min -2.003 -2.574 -2.361 -2.229 -2.671 

Max 2.376 2.664 1.932 1.997 2.531 
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Table V.2 - (Continuing) Surface fitting errors statistical analysis of the femoral head for each shape model and individual. All 

metrics are represented in millimeters (mm). For each subject, the total number of points used in the optimization algorithm is 

indicated by N.  (S - Sphere; RE - Rotational Ellipsoid; E - Ellipsoid; SE - Superellipsoid; SEB - Barr’s Superellipsoid; O -  Ovoid; 

SO - Superovoid;  TE - Tapered Ellipsoid; TSEB - Barr’s Tapered Superellipsoid; RC - Rotational Conchoid). 

Subject Gender Age Side N  O SO TE TSEB RC 

1 F 31 L 1265 𝜇 0.521 0.517 0.362 0.384 0.406 

𝜎 0.461 0.461 0.381 0.397 0.405 

Min -2.604 -2.088 -2.230 -2.211 -2.153 

Max 2.276 2.358 2.045 2.282 2.351 

2 M 28 R 1506 𝜇 0.527 0.535 0.488 0.491 0.562 

𝜎 0.494 0.490 0.443 0.446 0.482 

Min -2.469 -2.260 -2.497 -2.418 -2.492 

Max 3.459 3.456 2.284 2.079 2.283 

3 F 29 L 1085 𝜇 0.427 0.451 0.557 0.545 0.600 

𝜎 0.411 0.425 0.480 0.496 0.510 

Min -2.246 -2.218 -2.094 -2.324 -2.506 

Max 1.962 2.357 3.441 3.428 3.463 

4 M 24 L 1097 𝜇 0.593 0.606 0.504 0.493 0.525 

𝜎 0.543 0.552 0.475 0.459 0.493 

Min -2.442 -2.305 -2.785 -2.218 -2.374 

Max 3.463 3.464 3.449 3.458 3.464 

5 F 21 R 1145 𝜇 0.506 0.476 0.497 0.524 0.595 

𝜎 0.491 0.470 0.489 0.502 0.539 

Min -2.441 -2.544 -2.372 -2.438 -2.225 

Max 3.463 3.463 3.464 3.464 3.457 

6 F 21 R 1107 𝜇 0.423 0.425 0.572 0.570 0.735 

𝜎 0.426 0.418 0.544 0.547 0.581 

Min -2.558 -2.436 -2.961 -2.289 -2.546 

Max 2.306 2.323 3.463 3.461 3.464 

7 M 30 R 1106 𝜇 0.433 0.470 0.457 0.494 0.598 

𝜎 0.459 0.464 0.471 0.473 0.497 

Min -2.030 -2.226 -2.901 -2.355 -2.818 

Max 2.254 2.204 2.478 2.464 2.687 

8 M 32 L 1132 𝜇 0.585 0.603 0.461 0.457 0.555 

𝜎 0.488 0.519 0.449 0.445 0.506 

Min -2.230 -2.506 -2.280 -2.193 -2.499 

Max 2.668 2.602 2.217 2.291 2.620 

9 M 27 L 1065 𝜇 0.532 0.557 0.522 0.560 0.581 

𝜎 0.487 0.467 0.490 0.485 0.515 

Min -2.248 -2.094 -2.317 -2.354 -2.775 

Max 3.456 3.428 2.436 2.668 2.802 

10 F 21 R 1117 𝜇 0.470 0.495 0.571 0.623 0.681 

𝜎 0.433 0.436 0.484 0.489 0.505 

Min -2.008 -2.031 -2.919 -2.327 -2.341 

Max 2.199 2.067 3.446 3.459 3.463 

11 F 39 L 1759 𝜇 0.356 0.351 0.520 0.578 0.657 

𝜎 0.372 0.363 0.452 0.480 0.485 

Min -2.227 -2.084 -2.481 -2.395 -2.341 

Max 2.011 1.970 2.542 2.697 2.816 
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Table V.3 - Surface fitting errors statistical analysis of the femoral head for each shape model and the whole population present 

in the study. All metrics are represented in millimeters (mm). (S - Sphere; RE - Rotational Ellipsoid; E - Ellipsoid; 

SE - Superellipsoid; SEB - Barr’s Superellipsoid; O -  Ovoid; SO - Superovoid;  TE - Tapered Ellipsoid; TSEB - Barr’s Tapered 

Superellipsoid; RC - Rotational Conchoid). 

 S RE E SE SEB 

Surface fitting error for all11 subjects 

𝜇 0.643 0.565 0.544 0.532 0.526 

𝜎 0.521 0.497 0.481 0.479 0.476 

Min -3.464 -2.715 -2.616 -2.899 -2.671 

Max 2.376 3.464 3.464 3.464 3.463 

RMS 0.827 0.752 0.726 0.716 0.710 

 O SO TE TSEB RC 

𝜇 0.484 0.493 0.500 0.520 0.591 

𝜎 0.465 0.466 0.471 0.478 0.507 

Min -2.604 -2.544 -2.961 -2.438 -2.818 

Max 3.463 3.464 3.464 3.464 3.464 

RMS 0.671 0.678 0.687 0.707 0.779 

 

From the comparison between the two tables, it is possible to conclude that the goodness-of-fit of 

the distinct shape models follows the same pattern for individual subjects as for the population as a 

whole. More spherical primitives, such as the sphere, rotational conchoid, and rotational ellipsoid, 

present the worst surface fitting errors for 9 of the 11 subjects in the study, whilst primitives 

geometrically more distant from the spherical shape, for instance, ovoid and superovoid, adjust better 

to the point clouds of the femoral head. Figure V.3 gives a visual idea of how the fitting errors 

distribute among the different shapes and it is possible to observe the similarity in maximum values 

and range of 𝜇 ± 𝜎 between all models. 

 
Figure V.3 - Surface fitting errors for all shapes adjusted to the femoral head. Boxes represent the interval 𝜇 ± 𝜎 and lines 

correspond to the minimum and maximum values  for each shape. 
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Table V.3 allows the establishment of the following relationship between the diverse shape models, 

according to increasing goodness-of-fit:  

𝑂 < 𝑆𝑂 < 𝑇𝐸 < 𝑇𝑆𝐸𝐵 < 𝑆𝐸𝐵 < 𝑆𝐸 < 𝐸 < 𝑅𝐸 < 𝑅𝐶 < 𝑆 

These relationships express a clear division between two sets of surfaces, (Super)ellipsoids and 

(Super)ovoids. On the other hand, they demonstrate that the augment in geometric complexity 

provided by the squareness parameters in superquadric surfaces does not lead to cost-efficient 

analyses, given that superovoid and superellipsoid shapes presented worse fitting results than their 

quadric homologous, ovoids and tapered ellipsoids.  

Although the differences in the statistical measures presented are not of a high magnitude, the 

geometric features of the two shapes with highest and lowest fitting errors are undoubtedly distinct, 

despite the morphometric changes which transform one into the other. This result stating that the 

femoral head, in asymptomatic conditions, approximates better to ovoidal geometries, in detriment to 

spherical ones, corroborates the idea introduced by (MacConaill, 1973) and reinforces the need to 

change the global understanding of the hip joint established within the orthopaedic community, 

considering that the computer-aided tools used currently for orthopaedic pre-surgical planning rely on 

spherical geometries for the articular surfaces of the joint, especially for the femoral head.  

Additionally, the significance of the statistical analyses was substantiated with a paired Student’s t-

-test with statistical significance set at 𝑝 < 0.05, as summarized in Table V.4 . The t-test showed 

showed that the fitting errors of the sphere were significantly different from all other shapes. The 

difference between fitting errors was also significantly different for the following pairs: O-E; RE-SE; 

RE-O; RC-O; RE-SO; TE-RE; SEB-RE; TSEB-RE; RC-TE; RC-SEB; and RC-TSEB. All the remaining 

pairs presented non-significant differences in surface fitting errors (𝑝 > 0.05). 

Table V.4 - Statistical significance of the differences between fitting errors for all shape models, using a paired Student0s t-test, 

with statistical significance set at 𝑝 < 0.05. (S - Sphere; RE - Rotational Ellipsoid; E - Ellipsoid; SE - Superellipsoid; SEB - Barr’s 

Superellipsoid; O - Ovoid; SO - Superovoid; TE - Tapered Ellipsoid; TSEB - Barr’s Tapered Superellipsoid; RC - Rotational 

Conchoid). 

 S RE E SE SEB O SO TE TSEB RC 

S - - - - - - - - - - 

RE 0.000 - - - - - - - - - 

E 0.000 X - - - - - - - - 

SE 0.000 0.020 X - - - - - - - 

SEB 0.000 0.000 X X - - - - - - 

O 0.000 0.003 0.011 X X - - - - - 

SO 0.000 0.029 X X X X - - - - 

TE 0.000 0.000 X X X X X - - - 

TSEB 0.000 0.000 X X X X X X - - 

RC 0.000 X X X 0.007 0.047 X 0.004 0.005 - 
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The surface parameters for each geometric primitive are described in Table V.5. Mean surface 

dimensions are very similar, being the largest difference observable between sphere and superovoid. 

Ovoidal shapes were the largest of the set. Generally speaking, dimensions along the local 𝑥 axis 

were slightly larger, suggesting some eccentricity in this direction, with exception of Barr’s tapered 

superellipsoid and the ovoid. The calculated ovoidal coefficients are within the boundaries established 

by Todd and Smart (1984) to describe avian eggs. As mentioned before, the exponents values of both 

superellipsoid and superovoid did not differ greatly the ones seen in the quadratic surfaces from which 

they originate. The highest exponent for the whole population value was observed for 𝛾3 of the 

superellipsoid with the value of 2.17. Given that the upper boundary set for these parameters was 4, to 

accommodate the the approximation of the articular surfaces to quadrics, the fact that the maximum 

value observed for the superquadric exponents remained this close to its lower boundary leads to the 

conclusion that the interval was well set and that a quadratic-to-quartic exponent interval is enough to 

achieve good fitting results. Furthermore, this high approximation to quadratic exponents seen in the 

superquadric surfaces supports the notion that the computational cost inherent to the increase in 

complexity brought by these parameters is not sufficiently compensated by an improvement in surface 

fitting error. Time required to compute both the fitting algorithm and the calculation of the Euclidean 

distances between the point cloud and the optimally adjusted surfaces increases in response to the 

non-linearity of the shape models.  

An attempt at minimizing computational time is made by choosing an appropriate set of initial 

approximations to the surface parameters of the shape model being adjusted to each point cloud. 

These initial approximations rely on the hierarchical and non-linear relationship between all primitives 

used in the study and described in Figure IV.2 A of Section 4.1. Therefore, once the optimally fitted 

sphere and ellipsoid are found for each point cloud, the remaining shape models are constrained to 

the resultant surface parameters, according to the surface that is immediately linked to them. 

However, it is not always possible to guarantee the excellence of this choice and the time for the 

surface fitting optimizer to find the most well-fitted surface might be exceeded, at which point the 

algorithm is stopped. 
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Table V.5 - Surface parameters for each geometric primitive for the femoral head. Each value considers the 11 subjects in the 

study. Parameters 𝑎, 𝑏, 𝑐, 𝑡1, 𝑡2 and 𝑡3 are given in millimeters (mm), and rotations 𝜑, 𝜃 and 𝜓 in radians. (S - Sphere; 

RE - Rotational Ellipsoid; E - Ellipsoid; SE - Superellipsoid; SEB - Barr’s Superellipsoid; O - Ovoid; SO - Superovoid; 

TE - Tapered Ellipsoid; TSEB - Barr’s Tapered Superellipsoid; RC - Rotational Conchoid). 

  S RE E SE SEB 

𝑎 
𝜇 ± 𝜎 32.11 ± 4.66 32.28 ± 4.97 32.37 ± 4.58 32.41 ± 4.57 32.00 ± 4.44 

Range [21.62, 37.22] [21.92, 37.36] [21.36, 37.29] [21.38,37.54 [21.35, 37.25] 

𝑏 
𝜇 ± 𝜎  32.05 ± 4.52 31.89 ± 4.88 31.67 ± 4.75 31.57 ± 4.50 

Range  [21.48, 37.42] [21.52, 37.73] [21.65, 36.74] [21.63, 37.01] 

𝑐 
𝜇 ± 𝜎   31.79 ± 4.32 31.62 ± 4.40 31.75 ± 4.76 

Range   [21.88, 36.77] [21.01, 36.29] [20.96, 36.23] 

𝛾1 
𝜇 ± 𝜎    2.05 ± 0.06 2.06 ± 0.05 

Range    [2.00, 2.18] [2.00, 2.20] 

𝛾2 
𝜇 ± 𝜎    2.03 ± 0.04 2.04 ± 0.05 

Range    [2.00, 2.12] [2.00, 2.12] 

𝛾3 
𝜇 ± 𝜎    2.04 ± 0.07  

Range    [2.00, 2.17]  

𝑇𝑥 
𝜇 ± 𝜎      

Range      

𝑇𝑦 
𝜇 ± 𝜎      

Range      

𝑐0𝑥 
𝜇 ± 𝜎      

Range      

𝑐1𝑥  
𝜇 ± 𝜎      

Range      

𝑐2𝑥 
𝜇 ± 𝜎      

Range      

𝑐3𝑥 
𝜇 ± 𝜎      

Range      

𝑐0𝑦 
𝜇 ± 𝜎      

Range      

𝑐1𝑦  
𝜇 ± 𝜎      

Range      

𝑐2𝑦 
𝜇 ± 𝜎      

Range      

𝑐3𝑦 
𝜇 ± 𝜎      

Range      

𝑡1 
𝜇 ± 𝜎 224.72 ± 77.64 224.69 ± 77.58 224.87 ± 77.53 224.89 ± 77.61 224.80 ± 77.55 

Range [96.41, 324.32] [96.42, 324.37] [96.35, 324.87] [96.29, 324.76] [96.28, 324.78] 

𝑡2 
𝜇 ± 𝜎 0.30 ± 58.00 0.17 ± 58.03 0.38 ± 58.09 0.22 ± 58.03 0.35 ± 58.06 

Range [-168.14, 41.57] [-168.25, 41.96] [-168.21, 41.75] [-168.11, 41.99] [-168.11, 42.07] 

𝑡3 
𝜇 ± 𝜎 16.64 ± 40.57 16.73 ± 40.56 16.81 ± 40.54 16.77 ± 40.56 16.78 ± 40.56 

Range [-11.50, 137.16] [-11.40, 137.19] [-11.40, 137.20] [-11.38, 137.22] [-11.38, 137.24] 

𝜑 
𝜇 ± 𝜎  1.40 ± 5.09 10.59 ± 3.42 10.02 ± 4.12 4.16 ± 5.43 

Range  [-6.31, 9.65] [5.28, 15.54] [2.51, 14.94] [-7.02, 12.51] 

𝜃 
𝜇 ± 𝜎  0.08 ± 7.01 10.58 ± 4.20 10.85 ± 3.42 3.73 ± 5.93 

Range  [-8.50, 12.59] [3.17, 16.46] [6.69, 16.16] [-6.29, 12.12] 

𝜓 
𝜇 ± 𝜎  2.03 ± 5.88 10.65 ± 3.63 10.37 ± 3.77 3.63 ± 4.97 

Range  [-8.14, 10.29] [6.79, 16.36] [6.26, 15.63] [-3.57, 11.17] 
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Table V.5 - (Continuing) Surface parameters for each geometric primitive for the femoral head. Each value considers the 11 

subjects in the study. Parameters 𝒂, 𝒃, 𝒄, 𝒕𝟏, 𝒕𝟐 and 𝒕𝟑 are given in millimeters (mm), and rotations 𝝋, 𝜽 and 𝝍 in radians. (S - 

Sphere; RE - Rotational Ellipsoid; E - Ellipsoid; SE - Superellipsoid; SEB - Barr’s Superellipsoid; O - Ovoid; SO - Superovoid; 

TE - Tapered Ellipsoid; TSEB - Barr’s Tapered Superellipsoid; RC - Rotational Conchoid). 

  O SO TE TSEB RC 

𝑎 
𝜇 ± 𝜎 33.10 ± 4.30 33.26 ± 4.06 32.12 ± 4.47 31.74 ± 4.65 4.76 ± 2.55 

Range [23.33, 38.15 [23.33, 37.38] [21.86, 37.37] [21.47, 36.70] [0.18, 8.99] 

𝑏 
𝜇 ± 𝜎 32.46 ± 4.69 33.03 ± 4.80 32.00 ± 4.87 31.87 ± 4.81 31.53 ± 4.79 

Range [22.22, 37.98] [23.24, 38.11] [21.37, 37.15] [21.07, 36.32] [21.38, 37.02] 

𝑐 
𝜇 ± 𝜎 31.80 ± 4.52 31.76 ± 4.36 32.12 ± 4.49 31.40 ± 4.44  

Range [20.93, 36.61] [21.38, 36.70] [21.52, 36.74] [21.68, 36.54]  

𝛾1 
𝜇 ± 𝜎  2.03 ± 0.03  2.04 ± 0.03  

Range  [2.00, 2.10]  [2.00, 2.10]  

𝛾2 
𝜇 ± 𝜎  2.02 ± 0.03  2.05 ± 0.08  

Range  [2.00, 2.09]  [2.00, 2.26]  

𝛾3 
𝜇 ± 𝜎  2.01 ± 0.04    

Range  [2.00, 2.10]    

𝑇𝑥 
𝜇 ± 𝜎   0.01 ± 0.04 0.03 ± 0.08  

Range   [-0.07, 0.08] [-0.11, 0.19]  

𝑇𝑦 
𝜇 ± 𝜎   3.2 × 10-3 ± 0.06 0.04 ± 0.07  

Range   [-0.07, 0.08] [-0.11, 0.15]  

𝑐0𝑥 
𝜇 ± 𝜎 0.97 ± 0.02 0.96 ± 0.04    

Range [0.93, 1.00] [0.87, 1.00    

𝑐1𝑥 
𝜇 ± 𝜎 0.03 ± 0.03 0.03 ± 0.02    

Range [2.48 × 10-5, 0.08] [5.23 × 10-5, 0.09]    

𝑐2𝑥 
𝜇 ± 𝜎 0.01 ± 0.05 0.01 ± 0.06    

Range [-0.07, 0.10] [-0.10, 0.10]    

𝑐3𝑥 
𝜇 ± 𝜎 0.04 ± 0.06 0.04 ± 0.05    

Range [-0.08, 0.10] [-0.06, 0.10]    

𝑐0𝑦 
𝜇 ± 𝜎 0.98 ± 0.01 0.96 ± 0.02    

Range [0.97, 1.00] [0.92, 1.00]    

𝑐1𝑦  
𝜇 ± 𝜎 0.01 ± 0.02 0.02 ± 0.01    

Range [1.00 × 10-5, 0.05] [0.00, 0.04]    

𝑐2𝑦 
𝜇 ± 𝜎 0.02 ± 0.03 0.02 ± 0.03    

Range [-0.04, 0.06] [-0.06, 0.06]    

𝑐3𝑦 
𝜇 ± 𝜎 0.02 ± 0.06 0.04 ± 0.05    

Range [-0.07, 0.10] [-0.03, 0.10]    

𝑡1 
𝜇 ± 𝜎 224.91 ± 77.58 224.84 ± 77.54 225.10 ± 77.66 225.04 ± 77.43 224.85 ± 77.73 

Range [96.29, 324.29] [96.33, 324.16] [96.24, 324.83] [96.30, 325.05] [96.54, 324.34] 

𝑡2 
𝜇 ± 𝜎 0.24 ± 57.87 0.30 ± 57.86 0.38 ± 58.05 0.69 ± 58.00 1.35 ± 58.68 

Range [-167.73, 41.56] [-167.62, 41.61] [-168.30, 41.70] [-167.90, 42.57] [-170.58, 38.01] 

𝑡3 
𝜇 ± 𝜎 16.74 ± 40.70 16.61 ± 40.58 16.72 ± 40.56 16.82 ± 40.48 17.14 ± 40.93 

Range [-11.16, 137.68] [-11.35, 137.12] [-11.72, 137.10] [-10.05, 137.15] [-12.51, 138.33] 

𝜑 
𝜇 ± 𝜎 9.81 ± 4.75 10.02 ±5.15 -0.16 ± 8.65 3.05 ± 5.57 -0.97 ± 6.13 

Range [-0.67, 15.51] [-1.74- 16.37] [-8.32, 11.89] [-7.68, 11.54] [-7.23, 9.55] 

𝜃 
𝜇 ± 𝜎 10.50 ± 4.39 10.59 ±4.37 -0.06 ± 5.65 2.27 ± 5.71 4.16 ± 4.00 

Range [2.86, 16.78] [3.25- 17.49] [-7.49, 10.24] [-8.42, 10.10] [-0.51, 11.33] 

𝜓 
𝜇 ± 𝜎 9.94 ± 5.12 9.68 ±5.61 1.24 ± 7.79 3.98 ± 6.27 1.61 ± 6.30 

Range [-1.65, 16.50] [-3.47- 16.09] [-9.20, 10.55] [-8.00, 11.03] [-8.04, 9.45] 
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5.1.2 Acetabular Cavity 

The analysis of the results obtained for the acetabular cavities of the same 11 subjects described 

before underwent the identical steps as the results for the femoral cases. The differences in 

adjustment quality for original and downsampled point clouds were also non-significant, reinforcing the 

benefits that derive from the application of the downsampling procedure to the original point clouds.  

The qualitative assessment of the goodness-of-fit of each shape to the given point clouds showed 

that the optimally fitted surfaces resultant from the surface fitting algorithm approximate well to the 

downsampled point clouds given as input to the optimizer, as it can be seen in Figure V.4. 

 

Figure V.4 - 3-D view of the optimally fitted surfaces for subject 11’s acetabular cavity, with azimuth and elevation angles of 45°.  

Point clouds are coloured according to the Euclidean distance to the approximated surface, where more interior points are given 

the colour red whose intensity increases with distance to the surface, and more exterior points are given the colour blue whose 

intensity follows the same pattern as the interior points. Points closer to the surface are coloured in a grayscale, being white the 

colour corresponding to the minimum distance. (S - Sphere; RE - Rotational Ellipsoid; E - Ellipsoid; SE - Superellipsoid; 

SEB - Barr’s Superellipsoid; O -  Ovoid; SO - Superovoid;  TE - Tapered Ellipsoid; TSEB - Barr’s Tapered Superellipsoid; 

RC - Rotational Conchoid). 
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Unlike the femoral cases, the differences between the geometric features of shape are more easily 

distinguishable when acetabular point clouds are adjusted. As the fitting proceeds to more non-

spherical shapes, the approximation of the point clouds improves drastically, especially when we 

move closer to the acetabular rim.  

Although visual inspection of the optimally fitted surfaces depicted in Figure V.4, particularly in the 

cases of sphere, rotational ellipsoid, and rotational conchoid, might suggest that the points located on 

the outer edge of the acetabulum are, in fact, exterior to the surface adjusted to them, the colour code 

used to discriminate points based on their Euclidean distance to the fitted surface clearly indicates that 

that is not the case. Given that points are coloured based on the same criteria described for the 

femoral case, points closer to the acetabular rim are, in truth, positioned below the surface, distanced 

more than 1.0 mm from it. The illusion that these points are located above the surface arises from the 

fact that the acetabular cavity is more planar than the femoral head. Therefore, surfaces with more 

pronounced curvatures overlap with the point cloud, as observable in the areas seemingly absent of 

points corresponding to the approximation of the sphere, rotational ellipsoid, ellipsoid, superellipsoid, 

and rotational conchoid. This higher level of asphericity inherent to the acetabular cavity is supported 

by the more straightforwardly identifiable geometric differences between all shape models. Such 

differences are particularly notable in ovoidal, superovoidal, and tapered ellipsoidal shapes. 

Regarding the quantitative analysis of the differences between shapes and respective goodness-

-of-fit to acetabular point clouds, the surface fitting errors underwent the quantification of first-order 

statistics such as minimum, maximum, mean, standard deviation, and root mean square of the fitting 

errors. The first four metrics were discriminated for all 11 subjects in Table V.6 so that a more detailed 

examination regarding the relationship between geometric primitives and their morphological 

closeness to the anatomical data could be performed. However, the analysis of the population as a 

whole, described in Table V.7, incorporated the RMS of total fitting errors for each shape model, as it 

strengthens the understanding of how values of error are distributed within the entire population, for 

each shape. It is, therefore, a statistical metric which takes into account the influence that outliers can 

have in the calculation of mean values.  

A closer look at the results of Table V.6 bespeaks the same tendency previously found in the 

femoral cases. Goodness-of-fit improves progressively for primitives which present increasing 

asphericity. Such a result, however, was already expected, since the acetabular cavity is better 

established as a non-spherical articular surface than the femoral head. For 8 out of the 11 subjects 

studied, the sphere corresponded to the shape model with worst approximation to the point clouds, 

meaning highest surface fitting errors. On the other hand, Barr’s tapered superellipsoid and 

superovoid demonstrated to be the geometric primitives that fit best the acetabular shape, presenting 

the lowest fitting errors for 10 of the 11 subjects. 
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Table V.6 - Surface fitting errors statistical analysis of the acetabular cavity for each shape model and individual. All metrics are 

represented in millimeters (mm). For each subject, the total number of points used in the optimization algorithm is indicated  by 

N.  (S - Sphere; RE - Rotational Ellipsoid; E - Ellipsoid; SE - Superellipsoid; SEB - Barr’s Superellipsoid; O -  Ovoid; 

SO - Superovoid;  TE - Tapered Ellipsoid; TSEB - Barr’s Tapered Superellipsoid; RC - Rotational Conchoid). 

Subject Gender Age Side N  S RE E SE SEB 

1 F 31 L 1220 𝜇 1.264 1.084 1.001 0.991 0.989 

𝜎 0.674 0.583 0.568 0.541 0.566 

Min -3.463 -3.454 -3.357 -3.442 -3.432 

Max -4.1 × 10-5 2.872 2.425 2.646 2.709 

2 M 28 R 1200 𝜇 1.606 1.279 1.337 1.289 1.154 

𝜎 0.814 0.735 0.751 0.732 0.686 

Min -3.464 -3.464 -3.464 -3.464 -3.464 

Max -3.7 × 10-4 2.644 2.606 2.894 3.145 

3 F 29 L 1200 𝜇 1.317 1.221 1.178 1.145 1.142 

𝜎 0.723 0.633 0.614 0.615 0.611 

Min -3.464 -3.464 -3.464 -3.464 -3.464 

Max -7.8 × 10-5 2.532 2.702 2.647 2.709 

4 M 24 L 1200 𝜇 1.309 1.005 0.997 0.989 0.995 

𝜎 0.677 0.645 0.627 0.630 0.672 

Min -3.431 -3.461 -3.462 -3.430 -3.453 

Max -1.8 × 10-5 2.872 2.568 2.417 2.459 

5 F 21 R 1200 𝜇 1.252 1.086 1.147 1.301 1.014 

𝜎 0.661 0.608 0.646 0.725 0.595 

Min -3.320 -3.119 -3.461 -3.463 -2.853 

Max -9.2 × 10-5 2.671 2.617 3.078 2.934 

6 F 21 R 1200 𝜇 1.211 1.157 0.989 0.992 1.000 

𝜎 0.670 0.630 0.570 0.567 0.585 

Min -3.464 -3.448 -2.821 -2.930 -3.132 

Max 1.476 2.646 2.469 2.421 2.724 

7 M 30 R 1200 𝜇 1.533 1.355 1.179 1.108 1.254 

𝜎 0.792 0.724 0.656 0.648 0.681 

Min -3.464 -3.464 -3.459 -3.462 -3.464 

Max -1.1 × 10-4 2.819 2.612 2.458 2.839 

8 M 32 L 1200 𝜇 1.289 1.270 1.408 1.351 1.322 

𝜎 0.891 0.860 0.886 0.814 0.825 

Min -3.464 -3.463 -3.464 -3.463 -3.464 

Max -9.9 × 10-5 3.463 3.464 3.433 3.464 

9 M 27 L 1135 𝜇 1.773 1.633 1.508 1.513 1.336 

𝜎 0.913 0.872 0.822 0.813 0.690 

Min -3.464 -3.464 -3.463 -3.459 -3.464 

Max -9.1 × 10-5 3.464 3.464 3.464 2.856 

10 F 21 R 1200 𝜇 1.345 1.038 1.081 1.093 0.964 

𝜎 0.687 0.598 0.594 0.594 0.626 

Min -3.461 -3.270 -3.345 -3.226 -2.797 

Max -1.1 × 10-4 2.497 3.169 2.411 2.874 

11 F 39 L 1200 𝜇 0.963 0.812 0.758 0.744 0.775 

𝜎 0.586 0.523 0.512 0.521 0.520 

Min -2.861 -2.945 -2.453 -2.706 -2.815 

Max -3.8 × 10-4 2.499 2.266 2.105 2.494 
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Table V.6 - (Continuing) Surface fitting errors statistical analysis of the acetabular cavity for each shape model and individual. 

All metrics are represented in millimeters (mm). For each subject, the total number of points used in the optimization algorithm is 

indicated by N.  (S - Sphere; RE - Rotational Ellipsoid; E - Ellipsoid; SE - Superellipsoid; SEB - Barr’s Superellipsoid; O -  Ovoid; 

SO - Superovoid;  TE - Tapered Ellipsoid; TSEB - Barr’s Tapered Superellipsoid; RC - Rotational Conchoid). 

Subject Gender Age Side N  O SO TE TSEB RC 

1 F 31 L 1220 𝜇 0.837 0.719 0.809 0.724 1.260 

𝜎 0.540 0.530 0.522 0.520 0.662 

Min -2.792 -2.469 -3.056 -2.725 -3.464 

Max 2.051 2.475 2.265 2.581 2.700 

2 M 28 R 1200 𝜇 1.170 1.059 1.088 1.098 1.588 

𝜎 0.658 0.653 0.639 0.669 0.820 

Min -3.456 -3.464 -3.312 -3.453 -3.464 

Max 2.748 2.650 2.761 2.787 2.912 

3 F 29 L 1200 𝜇 0.940 0.916 0.994 0.894 1.344 

𝜎 0.574 0.569 0.615 0.557 0.731 

Min -2.906 -2.649 -3.431 -2.521 -3.464 

Max 2.552 2.687 2.753 2.236 3.054 

4 M 24 L 1200 𝜇 0.868 0.843 0.797 0.789 1.294 

𝜎 0.616 0.613 0.570 0.582 0.685 

Min -3.264 -3.036 -2.685 -2.990 -3.422 

Max 2.548 2.564 2.329 2.456 2.787 

5 F 21 R 1200 𝜇 1.031 0.974 0.953 0.825 1.248 

𝜎 0.594 0.584 0.594 0.578 0.663 

Min -3.004 -2.614 -2.881 -2.609 -3.463 

Max 2.749 2.445 3.102 2.645 2.599 

6 F 21 R 1200 𝜇 0.928 0.943 0.893 0.850 1.194 

𝜎 0.552 0.550 0.548 0.547 0.661 

Min -2.704 -2.928 -2.765 -2.793 -3.461 

Max 2.387 2.436 2.728 2.380 2.617 

7 M 30 R 1200 𝜇 0.867 0.853 0.945 1.286 1.520 

𝜎 0.598 0.560 0.625 0.741 0.789 

Min -2.855 -2.813 -3.302 -3.464 -3.464 

Max 2.824 2.354 2.308 3.008 3.043 

8 M 32 L 1200 𝜇 1.246 1.156 1.180 1.005 1.282 

𝜎 0.803 0.794 0.808 0.648 0.891 

Min -3.463 -3.464 -3.464 -3.461 -3.464 

Max 3.464 3.095 3.218 2.556 3.463 

9 M 27 L 1135 𝜇 1.324 1.307 1.297 1.290 1.773 

𝜎 0.706 0.636 0.623 0.686 0.915 

Min -3.447 -3.463 -3.453 -3.464 -3.464 

Max 3.187 3.231 2.571 3.047 3.464 

10 F 21 R 1200 𝜇 0.928 0.901 0.729 0.896 1.335 

𝜎 0.599 0.584 0.512 0.557 0.690 

Min -2.855 -2.669 -2.518 -2.576 -3.459 

Max 2.385 2.539 2.494 2.660 2.573 

11 F 39 L 1200 𝜇 0.741 0.737 0.698 0.678 0.939 

𝜎 0.524 0.529 0.518 0.517 0.567 

Min -2.633 -3.093 -2.470 -2.804 -2.861 

Max 2.258 2.756 2.271 2.684 2.425 
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Table V.7 - Surface fitting errors statistical analysis of the acetabular cavity for each shape model and the whole population 

present in the study. All metrics are represented in millimeters (mm). (S - Sphere; RE - Rotational Ellipsoid; E - Ellipsoid; 

SE - Superellipsoid; SEB - Barr’s Superellipsoid; O -  Ovoid; SO - Superovoid;  TE - Tapered Ellipsoid; TSEB - Barr’s Tapered 

Superellipsoid; RC - Rotational Conchoid). 

 S RE E SE SEB 

Surface fitting error for all 11 subjects 

𝝁 1.349 1.174 1.142 1.136 1.085 

𝝈 0.768 0.710 0.697 0.691 0.666 

Min -3.464 -3.464 -3.464 -3.464 -3.464 

Max 1.476 3.464 3.464 3.464 3.464 

RMS 1.552 1.372 1.338 1.329 1.273 

 O SO TE TSEB RC 

𝝁 0.987 0.944 0.942 0.937 1.341 

𝝈 0.643 0.626 0.628 0.635 0.769 

Min -3.463 -3.464 -3.464 -3.464 -3.464 

Max 3.464 3.231 3.218 3.047 3.464 

RMS 1.178 1.133 1.132 1.132 1.546 

 

As it was done in the femoral case, the surface fitting errors resulting from the adjustment of all 10 

shape models to the acetabular cavity point clouds are displayed in Figure V.5, in order to allow a 

more friendly distinction of each shape’s goodness-of-fit. 

 

Figure V.5 - Surface fitting errors for all shapes adjusted to the acetabular cavity. Boxes represent the interval 𝜇 ± 𝜎 and lines 

correspond to the minimum and maximum values  for each shape. 

 

The comparison between the RMS of the surface fitting errors for the 10 different shapes results in 

the following order of goodness-of-fit: 

𝑇𝐸 = 𝑇𝑆𝐸𝐵 < 𝑆𝑂 < 𝑂 < 𝑆𝐸𝐵 < 𝑆𝐸 < 𝐸 < 𝑅𝐸 < 𝑅𝐶 < 𝑆 
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When cross-checked with the comparison drawn for the femoral case, it is neither possible to 

separate (super)ellipsoids from (super)ovoids nor to state that quadric surfaces outperformed their 

superquadric counterparts. However, the pattern is clear and identical in both femoral and acetabular 

cases: sphere and sphere-like surfaces do not adjust as well to the two articular surfaces in question 

as the remaining smooth and convex surfaces non-linearly related to the sphere. It is also worthwhile 

to highlight that the RMS values of the surface fitting errors of the femoral head were lower than the 

ones observed for the acetabular cavity, which emphasizes the notion that the femoral head is a more 

spherical structure than the acetabulum. 

Additionally, the geometric primitives which presented lowest RMS of surface fitting errors for the 

femoral head and the acetabular cavity, ovoid and tapered ellipsoid, respectively, are not especially 

distant from each in both orders of goodness-of-fit, with only one shape model separating the two. 

This lack of shape model match between the articular surfaces is frequently described in the 

orthopaedic community as “incongruity” and it implies a difference in the contact area between the two 

surfaces dependent on the applied stress/load on the joint. Lighter or lower loads lead to limited 

contact, while heavier or higher loads conduce to an increase in contact area. The existence of this 

incongruity generates space between the two articular surfaces, which is thought to be a way of 

distributing load and protecting the cartilage from undue stress while giving synovial fluid access for 

lubrification and nutrition of the joint. Also, incongruity is commonly determined by an arched 

acetabulum and a rounded femoral head (Afoke et al., 1980). 

Similarly to what had been done in the femoral case, a paired Student’s t-test was used to classify 

the significance of the differences between fitting errors of all shape models. Statistical significance 

was once again set at 𝑝 < 0.05. The pairs which demonstrated significant results are summarized in 

Table V.8, where X corresponds to non-significant values.  

Table V.8 - Statistical significance of the differences between fitting errors for all shape models, using a paired Student0s t-test, 

with statistical significance set at 𝑝 < 0.05. (S - Sphere; RE - Rotational Ellipsoid; E - Ellipsoid; SE - Superellipsoid; SEB - Barr’s 

Superellipsoid; O - Ovoid; SO - Superovoid; TE - Tapered Ellipsoid; TSEB - Barr’s Tapered Superellipsoid; RC - Rotational 

Conchoid). 

 S RE E SE SEB O SO TE TSEB RC 

S - - - - - - - - - - 

RE 0.000 - - - - - - - - - 

E 0.000 0.000 - - - - - - - - 

SE 0.000 0.000 X - - - - - - - 

SEB 0.000 0.000 X X - - - - - - 

O 0.000 0.000 0.007 0.004 0.006 - - - - - 

SO 0.000 0.000 X X X 0.001 - - - - 

TE 0.000 0.000 0.000 0.000 0.000 0.043 0.000 - - - 

TSEB 0.000 0.002 0.034 X X 0.000 0.020 0.000 - - 

RC 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 - 
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The surface parameters for each geometric primitive are described in Table V.9. As a first 

consideration, one can see that the dimension parameters for all shape models are larger than the 

ones observed for the femoral head. Given the space and cartilage found in between the two articular 

surfaces, this result was already expected.  

Secondly, and as it happened with femoral surface parameters, values of surface dimensions are 

very close together, and the biggest discrepancy is observed between the two shape models that 

adjusted worst and best to the population as a whole, namely the sphere and Barr’s tapered 

superellipsoid, being the latter the primitive with larger surface dimensions. Most of the primitives also 

exhibit a greater dimension parameter along the 𝑥 axis, which is concomitant to what was observed in 

Table V.5. The calculated ovoidal coefficients are within the boundaries established by Todd and 

Smart (1984) to describe avian eggs. The values corresponding to the exponents of both 

superellipsoid and superovoid are extremely close to the quadratic values, despite the the maximum 

of 2.62 exhibited by superllipsoid for 𝛾2. However, both surfaces proposed by Barr (1981) obtained 

higher values for their exponents than the superquadrics mentioned before. Barr’s superellipsoid and 

tapered superellipsoid had a maximum of 3.00 for 𝛾1 and displayed mean values of 2.41 and 2.34 for 

the same parameter, respectively.  

Time performance of the surface fitting algorithm and Euclidean distance quantification also 

increased for primitives of higher levels of complexity, given that more fine-tuning and larger number 

of iterations are required. However, suitable initial approximations were chosen to minimize computing 

times. 
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Table V.9 - Surface parameters for each geometric primitive for the acetabular cavity. Each value considers the 11 subjects in 

the study. Parameters 𝑎, 𝑏, 𝑐, 𝑡1, 𝑡2 and 𝑡3 are given in millimeters (mm), and rotations 𝜑, 𝜃 and 𝜓 in radians. (S - Sphere; 

RE - Rotational Ellipsoid; E - Ellipsoid; SE - Superellipsoid; SEB - Barr’s Superellipsoid; O - Ovoid; SO - Superovoid; 

TE - Tapered Ellipsoid; TSEB - Barr’s Tapered Superellipsoid; RC - Rotational Conchoid). 

  S RE E SE SEB 

𝒂 
𝝁 ± 𝝈 36.69 ± 5.67 39.46 ± 5.37 39.25 ± 5.52 39.85 ± 5.66 39.28 ± 5.91 

Range [23.50, 43.94] [33.50, 49.32] [28.50, 48.06] [29.50, 49.06] [28.27, 49.56] 

𝒃 
𝝁 ± 𝝈  38.13 ± 5.91 38.81 ± 6.40 39.16 ± 6.77 39.53 ± 7.37 

Range  [24.43, 45.38] [24.96, 47.34] [24.61, 48.34] [24.21, 51.23] 

𝒄 
𝝁 ± 𝝈   35.97 ± 5.66 36.29 ± 5.78 37.33 ± 6.25 

Range   [23.14, 45.12] [23.02, 45.40] [23.44, 45.10] 

𝜸𝟏 
𝝁 ± 𝝈    2.01 ± 0.04 2.41 ± 0.43 

Range    [2.00, 2.14] [2.00, 3.00] 

𝜸𝟐 
𝝁 ± 𝝈    2.13 ± 0.22 2.01 ± 0.03 

Range    [2.00, 2.62] [2.00, 2.11] 

𝜸𝟑 
𝝁 ± 𝝈    2.02 ± 0.06  

Range    [2.00, 2.20]  

𝑻𝒙 
𝝁 ± 𝝈      

Range      

𝑻𝒚 
𝝁 ± 𝝈      

Range      

𝒄𝟎𝒙 
𝝁 ± 𝝈      

Range      

𝒄𝟏𝒙 
𝝁 ± 𝝈      

Range      

𝒄𝟐𝒙 
𝝁 ± 𝝈      

Range      

𝒄𝟑𝒙 
𝝁 ± 𝝈      

Range      

𝒄𝟎𝒚 
𝝁 ± 𝝈      

Range      

𝒄𝟏𝒚 
𝝁 ± 𝝈      

Range      

𝒄𝟐𝒚 
𝝁 ± 𝝈      

Range      

𝒄𝟑𝒚 
𝝁 ± 𝝈      

Range      

𝒕𝟏 
𝝁 ± 𝝈 -1.32 ± 25.68 0.18 ± 28.51 -0.91 ± 28.14 -0.89 ± 29.16 -1.71 ± 30.45 

Range [-33.88, 26.94] [-35.30, 32.20] [-36.85, 27.71] [-37.66, 28.61] [-39.95, 29.74] 

𝒕𝟐 
𝝁 ± 𝝈 -20.77 ± 9.50 -22.14 ± 9.04 -21.12 ± 8.14 -22.15 ± 8.93 -21.92 ± 9.41 

Range [-40.86, -8.38] [-41.38, -10.43] [-36.48, -10.12] [-40.84, -10.16] [-40.72, -9.94] 

𝒕𝟑 
𝝁 ± 𝝈 2.65 ± 4.15 2.90 ± 4.43 2.05 ± 4.43 2.25 ± 4.08 2.49 ± 4.49 

Range [-5.93, 8.46] [-5.82, 10.00] [-6.78, 9.56] [-6.84, 9.60] [-6.77, 9.48] 

𝝋 
𝝁 ± 𝝈  2.83 ± 6.46 4.23 ± 5.71 4.11 ± 5.70 -1.55 ± 6.54 

Range  [-8.08, 13.30] [-6.57, 12.03] [-6.56, 11.99] [-9.79, 9.26] 

𝜽 
𝝁 ± 𝝈  2.68 ± 4.78 4.73 ± 4.59 4.83 ± 4.64 4.33 ± 4.98 

Range  [-5.92, 11.20] [-7.58, 9.51] [-7.66, 9.52] [-3.15, 12.63] 

𝝍 
𝝁 ± 𝝈  3.32 ± 4.37 7.97 ± 5.97 8.10 ± 5.80 1.95 ± 8.25 

Range  [-4.98, 9.43] [-4.60, 15.76] [-3.62, 15.82] [-8.23, 15.85] 
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Table V.9 - (Continuing) Surface parameters for each geometric primitive for the acetabular cavity. Each value considers the 11 

subjects in the study. Parameters 𝒂, 𝒃, 𝒄, 𝒕𝟏, 𝒕𝟐 and 𝒕𝟑 are given in millimeters (mm), and rotations 𝝋, 𝜽 and 𝝍 in radians. 

(S - Sphere; RE - Rotational Ellipsoid; E - Ellipsoid; SE - Superellipsoid; SEB - Barr’s Superellipsoid; O - Ovoid; 

SO - Superovoid; TE - Tapered Ellipsoid; TSEB - Barr’s Tapered Superellipsoid; RC - Rotational Conchoid). 

  O SO TE TSEB RC 

𝒂 
𝝁 ± 𝝈 39.64 ± 6.32 40.30 ± 6.45 39.70 ± 7.21 37.08 ± 6.18 0.49 ± 0.50 

Range [26.14, 49.06] [27.06, 50.06] [23.58, 49.56] [25.56, 44.64] [0.05, 1.75] 

𝒃 
𝝁 ± 𝝈 39.51 ± 5.90 40.28 ± 5.83 40.73 ± 6.43 40.96 ± 9.32 36.68 ± 5.67 

Range [28.40, 48.34] [29.40, 49.07] [30.22, 52.27] [23.68, 57.27] [23.48, 43.94] 

𝒄 
𝝁 ± 𝝈 37.68 ± 3.96 38.39 ± 3.74 39.40 ± 5.15 42.08 ± 4.53  

Range [30.88, 45.43] [31.21, 44.77] [27.28, 44.93] [32.28, 48.05]  

𝜸𝟏 
𝝁 ± 𝝈  2.02 ± 0.06  2.34 ± 0.40  

Range  [2.00, 2.21]  [2.00, 3.00]  

𝜸𝟐 
𝝁 ± 𝝈  2.05 ± 0.15  2.00 ± 2.9 × 10-3  

Range  [2.00, 2.51]  [2.00, 2.01]  

𝜸𝟑 
𝝁 ± 𝝈  2.01 ± 0.03    

Range  [2.00, 2.09]    

𝑻𝒙 
𝝁 ± 𝝈   0.10 ± 0.24 0.07 ± 0.12  

Range   [-0.28, 0.50] [-0.13, 0.26]  

𝑻𝒚 
𝝁 ± 𝝈   0.03 ± 0.27 -0.03 ± 0.24  

Range   [-0.32, 0.50] [-0.50, 0.31]  

𝒄𝟎𝒙 
𝝁 ± 𝝈 0.99 ± 0.01 0.99 ± 0.02    

Range [0.98, 1.00] [0.95, 1.00]    

𝒄𝟏𝒙 
𝝁 ± 𝝈 0.17 ± 0.17 0.18 ± 0.18    

Range [0.00, 0.50] [0.00, 0.56]    

𝒄𝟐𝒙 
𝝁 ± 𝝈 0.07 ± 0.06 0.06 ± 0.06    

Range [-0.10, 0.10] [-0.10, 0.10]    

𝒄𝟑𝒙 
𝝁 ± 𝝈 -0.01 ± 0.08 0.03 ± 0.08    

Range [-0.10, 0.10] [-0.10, 0.10]    

𝒄𝟎𝒚 
𝝁 ± 𝝈 0.97 ± 0.05 0.95 ± 0.05    

Range [0.84, 1.00] [0.82, 1.00]    

𝒄𝟏𝒚 
𝝁 ± 𝝈 0.09 ± 0.09 0.11 ± 0.12    

Range [0.00, 0.29] [0.00, 0.34]    

𝒄𝟐𝒚 
𝝁 ± 𝝈 0.08 ± 0.05 0.08 ± 0.03    

Range [-0.05, 0.10] [0.01, 0.10]    

𝒄𝟑𝒚 
𝝁 ± 𝝈 -0.01 ± 0.09 0.01 ± 0.09    

Range [-0.10, 0.10] [-0.10, 0.10]    

𝒕𝟏 
𝝁 ± 𝝈 -0.13 ± 29.33 0.04 ± 30.18 0.27 ± 31.17 -0.57 ± 32.83 -1.16 ± 25.52 

Range [-37.85, 28.56] [-38.85, 29.56] [-41.89, 30.63] [-47.32, 35.97] [-33.17, 27.05] 

𝒕𝟐 
𝝁 ± 𝝈 -21.66 ± 8.24 -21.88 ± 8.33 -22.73 ± 8.76 -22.53 ± 10.56 -20.79 ± 9.43 

Range [-37.48, -10.18] [-38.35, -10.80] [-41.43, -12.38] [-43.60, -10.89] [-40.58, -8.47] 

𝒕𝟑 
𝝁 ± 𝝈 2.09 ± 4.53 2.20 ± 4.50 2.92 ± 5.38 3.10 ± 5.95 2.70 ± 4.15 

Range [-7.15, 9.41] [-7.15, 9.55] [-7.41, 12.42] [-7.74, 11.19] [-6.02, 8.24] 

𝝋 
𝝁 ± 𝝈 4.21 ± 5.93 4.03 ± 5.94 2.41 ± 5.74 -0.40 ± 4.67 0.74 ± 5.82 

Range [-7.02, 12.08] [-7.01, 12.07] [-8.14, 12.07] [-6.43, 8.41] [-8.06, 7.93] 

𝜽 
𝝁 ± 𝝈 4.58 ± 4.56 4.61 ± 4.56 2.19 ± 3.91 0.43 ± 6.03 3.31 ± 4.40 

Range [-7.55, 9.88] [-7.44, 9.88] [-6.46, 7.42] [-8.95, 9.30] [-2.69, 9.94] 

𝝍 
𝝁 ± 𝝈 8.52 ± 6.12 8.55 ± 6.12 1.68 ± 5.59 1.43 ± 4.20 1.31 ± 5.70 

Range [-4.60, 15.70] [-4.54, 15.72] [-8.14, 12.26] [-3.59, 10.84] [-6.59, 9.31] 
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5.2 Comparison between Asymptomatic and Pathological Hip Joints 

As mentioned in Section 5.1, understanding the underlying morphology of a normal hip is extremely 

important to characterize the anatomical and biomechanical aspects of the joint and to prevent its 

wrongful classification as healthy or diseased given the lack of consensus on what is a healthy and 

asymptomatic hip joint and what is a pathological and degenerated one. Hence, in order to address 

this issue and identify the differences between asymptomatic and pathological hip joints, a study was 

carried out which focused on two major hip pathologies, femoroacetabular impingement (FAI) and hip 

dysplasia.  

This study intended to compare the morphology characterizing hips in opposing situations – 

asymptomatic vs. pathological. In order to do so, three different populations of 20 subjects each 

underwent the identical surface fitting process explained in Chapter IV. In this case, however, only 

three geometric primitives were approximated to the geometric data extracted from the medical 

images, which were selected based on the results of the study described in Section 5.1 and used in 

the surface fitting algorithm for both the femoral head and acetabular cavity point clouds. From the ten 

different shape models previously considered, the three which were chosen for the present study were 

the sphere (S), the ellipsoid (E) and the tapered ellipsoid (TE). This set of primitives takes into account 

the shapes found in the literature (S and E) and the evolution towards more aspherical geometric 

properties that had already been portrayed in the first study, and it includes both shapes that revealed 

to fit best and worst to the anatomical data. Even though the most well-adjusted shape to the femoral 

head was the ovoid, the choice of TE as the shape representing least spherical geometric features 

was based on the fact that it presents quadratic exponents, saving computational power and 

processing time that do not translate into better fitting results, and that it is closely related to quadric 

family of ellipsoidal surfaces. On the other hand, the differences in surface fitting errors between the 

ovoidal shape and TE were considered to be non-significant and the RMS of their fitting errors differ in 

only ~𝟏.𝟑%, being TE the third most well-adjusted geometric primitive to the femoral head. 

 The analysis of the results for each condition and shape model followed the same steps as the 

study described in Section 5.1, containing  qualitative and quantitative components to characterize the 

general morphological features of both articular surfaces. Femoral and acetabular cases are also 

discussed separately, in order to improve analysis comprehension.  

 

5.2.1 Femoral Head 

To demonstrate the goodness-of-fit of the estimated surfaces resulting from the genetic algorithm 

used in the surface fitting optimization problem, the approximated surface of each shape model for 

subject 1 of each population considered in this study is displayed in Figure V.4. The colour code used 

to represent the point cloud considered the Euclidean distance between each point and the optimally 

fitted surface, as previously explained. 
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Figure V.6 -3-D view of the optimally fitted surfaces for subject 1’s femoral head of asymptomatic, FAI presenting and dysplastic 

populations. Each point cloud’s color code denotes the Euclidean distance of each point to the approximated surface. Points 

distanced more than -1.0 mm to the surface (inside the surface) are represented in red; points distanced more than 1.0 mm to 

the surface (outside the surface) are colored in blue; the remaining points whose distance to the surface is between -1.0 mm 

and 1.0 mm are represented in a gray scale, where white corresponds to a Euclidean distance of 0.0 mm.  

 

The visual inspection of Figure V.6 leads to the initial validation of the results obtained for the 

femoral head in terms of goodness-of-fit for all shapes and conditions considered in the study. It is 

evident that the sphere is the shape model which approximates worst to the point cloud in all 

conditions, especially in the case of dysplasia. 

Comparatively to what had been seen for the femoral case of the first study, the approximation of 

different geometric primitives to point clouds corresponding to femoral head data generates optimally 

fitted surfaces visually very close to spheres. Femoral heads which had morphological features in line 

with an FAI diagnosis would be expected to reveal a more aspherical shape and, consequently, an 

optimally fitted surface with a less sphere-like appearance. However, consideration must be given to 

the type of pathomorphology consistent with FAI in question, not to mention the extension of the point 

cloud extracted from the medical data, which relies on the human understanding of the femoral head 

anatomy. The subject belonging to the population presenting FAI to which the surfaces depicted in 

Figure V.6 correspond was diagnosed with mixed-type FAI, i.e., morphological alterations were 

reported in both articular surfaces of the hip joint. Therefore, it was expected that the surface with best 

fitting parameters to the femoral head would have a less spherical appearance.  
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The quantitative component of the assessment the femoral results underwent included the 

statistical analysis with discrimination of the surface fitting errors for all 20 subjects of the three 

populations composing the study, and the combination of all fitting errors for each condition, described 

in Table V.10, in order to give a better sense of the fitting results for every population as a whole. 

Statistical measurements include minimum and maximum surface fitting errors, mean, standard 

deviation and, for the analysis on a populational level, the root mean square of surface fitting errors. 

Individual surface fitting errors for asymptomatic, FAI presenting and dysplastic populations are 

depicted in Table A.1, Table A.2, and Table A.3, respectively, included in Appendix A.  

Table V.10 - Surface fitting errors statistical analysis of the femoral head for each shape model and the total number of 

individuals considered in the study (20 asymptomatic hips, 20 hips presenting FAI and 20 dysplastic hips). All metrics are 

represented in millimeters (mm). (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Surface fitting error for all 20 subjects S E TE 

Asymptomatic 𝜇 0.653 0.591 0.538 
𝜎 0.575 0.544 0.520 

Min -3.464 -2.857 -2.831 
Max 1.592 3.464 3.464 

 RMS 0.870 0.803 0.748 

FAI 𝜇 0.521 0.458 0.414 
𝜎 0.476 0.445 0.418 

Min -3.464 -3.426 -2.874 
Max -2.7×10-5 2.787 2.892 

 RMS 0.706 0.639 0.589 

Hip dysplasia 𝜇 0.578 0.459 0.449 
𝜎 0.485 0.434 0.430 

Min -2.850 -2.806 -2.698 
Max 2.500 2.776 2.621 
RMS 0.755 0.632 0.622 

 

Before analyzing the contents of Table V.10, the same visual understanding of the surface fitting 

errors distribution among the different shape models being considered is provided in Figure V.6. Here, 

the first-order statistical measures contained in Table V.9 are represented for the three populations 

composing the study, in the order of asymptomatic individual, subjects presenting FAI, and dysplastic 

cases. 
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Figure V.7 - Surface fitting errors for all shapes adjusted to the femoral head. (Left) Results obtained for the asymptomatic 

population. (Centre) Results obtained for subjects presenting FAI. (Right) Results obtained for the dysplastic population. Boxes 

represent the interval 𝜇 ± 𝜎 and lines correspond to the minimum and maximum values  for each shape. 

 

The RMS values of the fitting errors for the asymptomatic population revealed to be slightly higher 

when compared to the results obtained in the previous study. This difference might be related to the 

larger size of the population considered here. Note that the evolution of the RMS values follows the 

same pattern as seen before, i.e., the sphere fits worse than its non-linearly linked surfaces. By 

comparing the different populations, one can see that the FAI presenting population obtained the 

lowest values of RMS of the surface fitting errors for both the sphere and tapered ellipsoid models. In 

order to assess whether this result is related to the three different types of pathomorphology 

consistent with femoroacetabular impingement present within the population, namely cam, pincer, and 

a mixture of these two, it is relevant to compare the surface fitting errors associated with each type 

and shape model, as displayed in Table V.11.  

Table V.11 - Surface fitting error statistical analysis for the three types of FAI present in the population considered in the study 

and for each shape model. (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Type # Subjects  S E TE 

cam 7 𝜇 0.534 0.479 0.431 
𝜎 0.489 0.449 0.425 

Min -3.461 -3.426 -2.874 
Max -4.4×10-5 2.787 2.672 

  RMS 0.724 0.657 0.605 

pincer 6 𝜇 0.515 0.478 0.429 
𝜎 0.450 0.443 0.415 

Min -2.702 -2.624 -2.293 
Max -4.1×10-5 2.191 2.405 

  RMS 0.684 0.652 0.597 

mixed 7 𝜇 0.512 0.419 0.385 
𝜎 0.485 0.440 0.413 

Min -3.464 -3.178 -2.718 
Max -2.7×10-5 2.525 2.892 
RMS 0.705 0.608 0.565 
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Since cam-type FAI concentrates on the morphological changes present in the femoral head, in 

opposition to pincer-type FAI in which the acetabulum covers the femoral head to a non-physiological 

extent, it was expectable that the errors derived from the surface fitting procedure applied to pincer-

type FAI point clouds are closer to the fitting errors found in femoral heads of asymptomatic hips. In 

fact, the surface fitting errors corresponding to the pincer-type FAI population are significantly lower 

than the ones found in the asymptomatic population. Such a variation might be highly related to the 

differences in size of both populations considered in this comparison. On the other hand, the 

extension of the over-coverage of the acetabular cavity in relation to the femoral head and the 

increase in load applied to the latter can lead abrasion of the femoral head, causing it to become more 

spherical than it would be in a physiological environment. Nonetheless, pincer-type FAI presented 

lower surface fitting errors than both the cam- and mixed-types, as it was expected, given that the 

location of the aberrations consistent with pincer-type is restricted to the acetabular cavity. 

It is also noteworthy to mention that the lowest fitting error belonged to the fitting of the tapered 

ellipsoid to the FAI presenting population, and more specifically to the individuals who were diagnosed 

with mixed-type FAI. The dysplastic population followed the same pattern, as did the asymptomatic, 

which presented the highest fitting errors of the three. 

The paired Student’s t-test used to corroborate the significance of the statistical analysis revealed 

that the differences between the surface fitting parameters of all pairs of shapes for all conditions were 

significant, with p-value<0.05: sphere and ellipsoid (p = 0.000 for all conditions); sphere and tapered 

ellipsoid (p = 0.000 for all conditions); and ellipsoid and tapered ellipsoid (p = 0.000 for asymptomatic 

subjects, and p = 0.005 for subjects presenting FAI or dysplasia). 

The surface parameters for each condition and shape model are displayed in Table V.12. Surface 

dimension parameters are very similar, not only between shapes but also between conditions, being 

the dimension parameter along the 𝑧 axis of tapered ellipsoids the highest of the three. Tapering 

parameters were, on average, very close to zero, having the asymptomatic population presented both 

the minimum and maximum for 𝑇𝑦, -0.34 and 0.50, respectively. 
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Table V.12 - Surface parameters for each geometric primitive for the femoral head. Each value considers the 20 subjects of the three different populations in the study. Parameters 𝑎, 𝑏, 𝑐, 𝑡1, 𝑡2 and 

𝑡3 are given in millimeters (mm), and rotations 𝜑, 𝜃 and 𝜓 in radians. (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

  ASYMPTOMATIC FEMOROACETABULAR IMPINGEMENT DYSPLASIA 

  S E TE S E TE S E TE 

𝑎 
𝜇 ± 𝜎 22.13 ± 2.27 22.23 ± 2.29 21.30 ± 2.41 22.58 ± 1.55 22.60 ± 1.55 22.53 ± 1.53 22.03 ± 2.26 21.78 ± 2.41 21.80 ± 2.18 

Range [18.34, 25.94] [18.23, 25.92] [17.48, 25.70] [18.95, 25.16] [18.52, 24.76] [19.06, 24.73] [18.70, 25.88] [17.97, 28.06] [19.25, 25.92] 

𝑏 
𝜇 ± 𝜎  21.86 ± 2.40 21.62 ± 2.53  22.72 ± 1.93 22.28 ± 1.49  22.02 ± 2.32 21.89 ± 2.21 

Range  [18.63, 26.75] [17.21, 26.24]  [18.90, 26.58] [18.84, 24.76]  [18.84, 25.91] [18.38, 25.62] 

𝑐 
𝜇 ± 𝜎  22.13 ± 2.79 23.88 ± 3.15  22.86 ± 2.16 23.24 ± 2.64  21.87 ± 2.32 23.02 ± 3.39 

Range  [16.87, 27.44] [18.78, 28.68]  [18.83, 27.70] [18.78, 29.35]  [18.98, 26.37] [18.32, 31.42] 

𝑇𝑥 
𝜇 ± 𝜎   0.00 ± 0.24   0.04 ± 0.10   0.03 ± 0.12 

Range   [-0.33, 0.50]   [-0.10, 0.24]   [-0.20, 0.23] 

𝑇𝑦 
𝜇 ± 𝜎   -0.01 ± 0.22   0.04 ± 0.09   0.04 ± 0.12 

Range   [-0.34, 0.50]   [-0.14, 0.21]   [-0.24, 0.31] 

𝑡1 
𝜇 ± 𝜎 -2.08 ± 10.51 -1.98 ± 10.87 -2.29 ± 8.99 -0.59 ± 10.86 -0.82 ± 10.56 -0.63 ± 9.95 3.38 ± 12.69 3.42 ± 12.79 2.88 ± 12.05 

Range [-15.99, 14.33] [-16.24, 16.00] [-16.29, 16.08] [-14.67, 15.12] [-14.40, 12.99] [-12.57, 12.91] [-17.70, 18.60] [-17.10, 19.02] [-17.26, 18.97] 

𝑡2 
𝜇 ± 𝜎 19.52 ± 12.19 19.31 ± 11.99 19.03 ± 12.71 11.98 ± 4.87 11.79 ± 4.75 11.77 ± 4.51 12.61 ± 3.85 12.75 ± 3.62 11.94 ± 3.84 

Range [1.25, 44.31] [1.30, 43.27] [1.47, 44.14] [3.69, 21.67] [3.50, 21.76] [4.05, 22.44] [4.03, 18.48] [5.07, 17.34] [2.40, 17.07] 

𝑡3 
𝜇 ± 𝜎 0.99 ± 3.01 0.99 ± 3.06 1.39 ± 2.92 2.95 ± 3.00 3.03 ± 2.95 2.92 ± 2.76 3.02 ± 2.93 3.13 ± 3.00 3.00 ± 2.84 

Range [-4.51, 8.18] [-4.57, 8.45] [-4.08, 6.45] [-1.28, 10.02] [-1.07, 10.08] [-1.17, 8.68] [-1.75, 9.60] [-1.82, 9.61] [-1.79, 9.13] 

𝜑 
𝜇 ± 𝜎  3.53 ± 5.38 3.95 ± 5.07  2.38 ± 6.67 -0.27 ± 6.69  -0.81 ± 5.95 -1.54 ± 5.32 

Range  [-7.69, 11.04] [-8.07, 10.72]  [-9.79, 10.24] [-7.98, 10.73]  [-9.89, 10.34] [-9.38, 7.51] 

𝜃 
𝜇 ± 𝜎  2.72 ± 5.59 1.87 ± 4.39  0.06 ± 6.18 0.37 ± 5.91  -1.89 ± 5.08 -1.36 ± 5.56 

Range  [-6.89, 12.45] [-5.16, 10.10]  [-10.22, 9.74] [-8.51, 9.91]  [-9.56, 8.63] [-10.30, 9.36] 

𝜓 
𝜇 ± 𝜎  3.48 ± 5.83 2.80 ± 4.80  -1.28 ± 5.80 2.80 ± 6.92  -1.32 ± 4.83 -0.48 ± 6.66 

Range  [-7.22, 11.40] [-6.54, 10.31]  [-8.77, 8.54] [-9.87, 13.10]  [-9.26, 9.62] [-9.85, 11.86] 
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5.2.2 Acetabular Cavity 

Similarly to what was previously done for the femoral case, the initial assessment of the general 

goodness-of-fit of the shape models to the acetabular point clouds corresponding to subject 1 of each 

condition is performed through visual inspection, being the optimally fitted surfaces for each geometric 

primitive exhibited in Figure V.8. Point clouds are colour coded according to the Euclidean distance of 

each point to the approximated surface, where escalating intensities of red correspond to points 

located increasingly below the surface, starting at -1.0 mm; darker tones of blue are related to exterior 

points positioned farther from the surface, starting at 1.0 mm; and varying shades of gray depict points 

within the range [−1.0,1.0] mm of the surface, being white the colour denoting minimal distance. 

 

Figure V.8 - 3-D view of the optimally fitted surfaces for subject 1’s acetabular cavity of asymptomatic, FAI presenting and 

dysplastic populations. The colour code denotes the Euclidean distance of each point to the approximated surface. Points 

distanced more than -1.0 mm to the surface (inside the surface) are represented in red; points distanced more than 1.0 mm to 

the surface (outside the surface) are colored in blue; the remaining points whose distance to the surface is between -1.0 mm 

and 1.0 mm are represented in a gray scale, where white corresponds to a Euclidean distance of 0.0 mm. 

The analysis of Figure V.8 clearly shows that the point clouds representing the acetabular cavity 

are far better approximated by primitives with less spherical geometric features, being the tapered 

ellipsoid the one which seems to be most well-adjusted.  

As for the quantitative analysis of the surface fitting errors regarding the adjustment of the three 

shape models here considered to the acetabular point clouds, these errors were calculated for each 

subject and condition and the first-order statistical measures which characterize them can be found in 

Appendix A, where Table A.4 contains the surface fitting errors for all asymptomatic subjects, 
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Table A.5 holds these values for subjects diagnosed with FAI, and Table A.6 concerns the fitting 

errors for subjects with dysplastic hips. Table V.13 presents first-order statistical measures of the 

surface fitting errors for the whole population of each condition.  

Table V.13 - Surface fitting errors statistical analysis of the acetabular cavity for each shape model and the total number of 

considered in the study (20 asymptomatic hips, 20 hips presenting FAI and 20 dysplastic hips). All metrics are represented in  

millimeters (mm). (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Surface fitting error for all 20 subjects S E TE 

Asymptomatic 

𝜇 0.789 0.640 0.611 

𝜎 0.552 0.508 0.491 

Min -3.464 -3.458 -3.449 

Max -3.0×10-5 2.789 2.943 

 RMS 0.963 0.817 0.784 

FAI 

𝜇 0.742 0.606 0.570 

𝜎 0.524 0.479 0.467 

Min -3.240 -2.980 -2.726 

Max 2.301 2.612 2.600 

 RMS 0.909 0.772 0.737 

Hip dysplasia 

𝜇 0.740 0.602 0.580 

𝜎 0.536 0.488 0.485 

Min -3.432 -2.921 -3.001 

Max 0.834 2.734 2.605 

RMS 0.913 0.775 0.756 

 

A careful look into the RMS values shows that dysplastic hips revealed better approximation to all 

the geometric primitives than the two remaining populations. In the acetabular case, the population for 

which the lowest fitting errors were obtained was the FAI diagnosed one, which is compliant with the 

results already seen for the femoral case. Similarly, the shape that fitted the point clouds better for all 

sets of subjects was the tapered ellipsoid. The good approximation between the dysplastic population 

and a more egg-looking shape was expected since hip dysplasia is reported as having a pear-like 

appearance. The order in which the goodness-of-fit of each shape improves for all three conditions 

and both articular joint surfaces is  

𝑇𝐸 < 𝐸 < 𝑆 

and, regarding the tapered ellipsoidal shape, the surface fitting errors are increasingly lower for 

populations in the following order:  

𝐹𝐴𝐼 < 𝐷𝑦𝑠𝑝𝑙𝑎𝑠𝑖𝑎 < 𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑚𝑎𝑡𝑖𝑐 

The previously drawn relationship between the shape models can be further inspected in Figure 

V.9. Results regarding the surface fitting errors for the asymptomatic population can be seen on the 

left; results obtained for individuals with FAI consisting morphologies are presented in the centre; and 

the adjustment error for each shape in the dysplastic population is located on the right. 
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Figure V.9 - Surface fitting errors for all shapes adjusted to the acetabular cavity. (Left) Results obtained for the asymptomatic 

population. (Centre) Results obtained for subjects presenting FAI. (Right) Results obtained for the dysplastic population. Boxes 

represent the interval 𝜇 ± 𝜎 and lines correspond to the minimum and maximum values  for each shape. 

 

As previously done for the femoral head case, discrimination of surface fitting errors for distinct 

types of FAI does not only provide better insight into the characterization of the differences in 

morphology, but it also allows the comparison between similar structures in dissimilar conditions. 

Therefore, Table V.14 contains the statistical analysis of the surface fitting errors of the acetabular 

cavity for the three types of femoroacetabular impingement present in the population considered in the 

study. If the femoral head of a pincer-type FAI presenting hip is supposedly more comparable to the 

femoral head of an asymptomatic hip, then the same reasoning can be applied to the acetabulum of a 

cam-type FAI presenting hip. Even though the morphological changes exhibited by the former will 

inevitably exacerbate the incongruities between the femoral head and the acetabular cavity, these 

deformities are mainly expressed in the femoral head. Thus, the acetabulum remains more unchanged 

and closer to its physiological state. As mentioned in the analysis of the femoral case, note that the 

magnitude of the number of cases composing the population affect its mean and must, therefore, be 

taken into consideration.  

In fact, the subjects whose FAI was of type cam have RMS values closer to the ones seen in the 

asymptomatic population, with exception of the RMS of the surface fitting errors corresponding to the 

fitting of the sphere to the point clouds of the mixed-type FAI population, whose difference to the 

asymptomatic homologous is slightly smaller. This result is in line with the understanding of the 

morphological features characterizing both cam- and pincer- type of FAI. Each sub-population within 

the 20 subjects who presented FAI exhibited the same order of goodness-of-fit for the shape models 

considered in the surface fitting optimizer. Subjects with pincer-type FAI revealed the lowest fitting 

errors within this population and the comparison of their RMS values with the RMS values depicted in 

Table V.13 shows that the former were also lower than the latter. 
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Table V.14 - Surface fitting error statistical analysis for the three types of FAI present in the population considered in the study 

and for each shape model. (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Type # Subjects  S E TE 

cam 7 𝜇 0.773 0.631 0.592 

𝜎 0.542 0.497 0.476 

Min -3.146 -2.980 -2.684 

Max 2.301 2.612 2.600 

  RMS 0.944 0.803 0.760 

pincer 6 𝜇 0.653 0.547 0.525 

𝜎 0.482 0.450 0.447 

Min -2.774 -2.711 -2.726 

Max 0.685 2.317 2.476 

  RMS 0.812 0.708 0.689 

mixed 7 𝜇 0.788 0.632 0.587 

𝜎 0.531 0.480 0.474 

Min -3.240 -2.827 -2.622 

Max -6.9×10-5 2.473 2.538 

RMS 0.950 0.793 0.754 

 

The extent of the differences between the statistical measures presented in this section and in all 

previous sections is not particularly high. Nevertheless, their statistical significance followed the same 

treatment as the results presented before and a paired Student’s t-test, with a 𝑝-value set at 0.05, was 

performed to assess said significance. In the asymptomatic case, the differences in surface fitting 

errors were significant for the pairs sphere - ellipsoid and sphere - tapered ellipsoid, both with a 

𝑝-value of 0.000. The pair ellipsoid - tapered ellipsoid presented a 𝑝 = 0.609. Regarding the population 

presenting FAI, the pairs which presented statistical significance were sphere - ellipsoid and 

sphere - tapered ellipsoid displayed 𝑝 = 0.000 and ellipsoid - tapered ellipsoid showed 𝑝 = 0.011. 

Finally, subjects with dysplatic hips revealed statistical significance between the surface fitting errors 

of two pairs of shape models, sphere - ellipsoid and sphere - tapered ellipsoid, with 𝑝 = 0.000. The 

pair of shapes ellipsoid - tapered ellipsoid exhibited 𝑝 = 0.123. 

The shape parameters for all primitives and conditions are discriminated in Table V.15, and it is 

possible to see that there is a much higher level of variation between the surface dimensions than in 

the femoral case, with a maximum value of 4.54 mm for the surface dimension along the local 𝑧 axis 

between the sphere and the tapered ellipsoid fitted to the dysplastic population. With the exception of 

the ellipsoid fitted to the asymptomatic point clouds, ellipsoids and tapered ellipsoids reveal some 

eccentricity along the aforementioned local axis, given the somewhat higher values observed for 

parameters 𝑐. Tapering parameters exhibited in this case were marginally superior to the the ones 

obtained for the femoral case. Along the local 𝑥 axis, the minimum tapering value was -0.50, while 

maximum values of 0.50 were obtained for both 𝑇𝑥 and 𝑇𝑦. 
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Table V.15 - Surface parameters for each geometric primitive for the acetabulum. Each value considers the 20 subjects of the three different populations in the study. Parameters 𝑎, 𝑏, 𝑐, 𝑡1, 𝑡2 and 𝑡3 

are given in millimeters (mm), and rotations 𝜑, 𝜃 and 𝜓 in radians. (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

  ASYMPTOMATIC FEMOROACETABULAR IMPINGEMENT DYSPLASIA 

  S E TE S E TE S E TE 

𝑎 
𝜇 ± 𝜎 24.73 ± 2.40 28.19 ± 4.35 26.26 ± 4.31 26.01 ± 1.88 27.85 ± 2.61 27.61 ± 3.86 26.30 ± 2.61 28.71 ± 3.41 29.13 ± 4.46 

Range [21.30, 28.66] [21.75, 37.98] [21.71, 38.19] [21.79, 29.23] [22.22, 32.80] [21.75, 36.07] [22.62, 33.36] [23.93, 35.89] [24.40, 39.51] 

𝑏 
𝜇 ± 𝜎  26.07 ± 3.25 25.61 ± 3.34  26.70 ± 1.97 27.24 ± 2.32  27.65 ± 3.51 28.56 ± 4.31 

Range  [21.86, 33.73] [20.64, 31.30]  [22.62, 31.27] [22.32, 31.88]  [22.85, 38.36] [23.35, 43.36] 

𝑐 
𝜇 ± 𝜎  27.00 ± 3.52 28.61 ± 4.53  29.07 ± 3.34 30.39 ± 3.96  29.25 ± 3.80 30.84 ± 4.48 

Range  [21.59, 33.49] [21.41, 38.04]  [23.84, 34.23] [23.78, 39.23]  [23.40, 37.54] [24.48, 42.54] 

𝑇𝑥 
𝜇 ± 𝜎   0.12 ± 0.20   0.02 ± 0.15   0.09 ± 0.22 

Range   [-0.50, 0.36]   [-0.37, 0.25]   [-0.16, 0.50] 

𝑇𝑦 
𝜇 ± 𝜎   0.15 ± 0.25   0.06 ± 0.14   0.02 ± 0.15 

Range   [-0.49, 0.50]   [-0.35, 0.34]   [-0.19, 0.50] 

𝑡1 
𝜇 ± 𝜎 3.02 ± 12.95 4.05 ± 16.70 1.20 ± 17.90 1.05 ± 22.77 0.81 ± 25.97 0.47 ± 27.00 -3.36 ± 22.25 -3.82 ± 26.02 -4.00 ± 27.87 

Range [-16.69, 18.35] [-20.31, 25.24] [-28.14, 26.36] [-28.89, 31.32] [-32.16, 34.29] [-37.02, 38.51] [-23.29, 37.98] [-27.10, 42.56] [-31.49, 47.72] 

𝑡2 
𝜇 ± 𝜎 -22.21 ± 7.47 -24.15 ± 7.86 -22.87 ± 7.54 -6.71 ± 4.81 -7.95 ± 4.33 -7.99 ± 4.53 -7.32 ± 4.48 -8.81 ± 4.98 -9.49 ± 5.90 

Range [-45.18, -13.05] [-46.97, -13.29] [-46.92, -11.36] [-15.66, 3.02] [-15.36, 1.56] [-16.35, 0.95] [-20.83, 1.11] [-24.46, 0.02] [-27.13, -0.19] 

𝑡3 
𝜇 ± 𝜎 4.21 ± 2.04 4.60 ± 1.91 4.79 ± 2.56 0.82 ± 5.81 1.03 ± 6.15 1.31 ± 5.57 4.43 ± 2.87 4.69 ± 2.72 6.00 ± 4.58 

Range [0.44, 8.08] [1.43, 8.44] [1.47, 11.59] [-20.85, 9.66] [-21.76, 9.45] [-19.00, 9.01] [-2.21, 9.74] [-1.67, 10.03] [-1.87, 17.78] 

𝜑 
𝜇 ± 𝜎  2.65 ± 6.60 2.52 ± 5.10  1.32 ± 5.55 1.04 ± 6.39  2.32 ± 5.76 -2.40 ± 6.16 

Range  [-9.39, 13.81] [-5.81, 10.90]  [-9.97, 11.16] [-8.05, 10.86]  [-8.75, 11.12] [-9.99, 10.59] 

𝜃 
𝜇 ± 𝜎  -0.55 ± 7.55 2.15 ± 3.65  1.35 ± 6.08 -0.62 ± 6.02  -0.27 ± 5.94 -0.07 ± 5.62 

Range  [-9.99, 11.54] [-4.35, 8.08]  [-9.38, 12.71] [-10.97, 8.51]  [-8.13, 9.54] [-8.30, 9.34] 

𝜓 
𝜇 ± 𝜎  1.38 ± 5.72 1.72 ± 7.30  0.56 ± 4.96 1.90 ± 5.29  1.33 ± 6.35 1.63 ± 5.56 

Range  [-6.70, 12.67] [-10.63, 14.16]  [-9.07, 12.04] [-10.04, 11.89]  [-7.37, 9.74] [-9.34, 10.23] 
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5.3 Considerations and Limitations 

After analyzing 71 subjects, divided into two populations of healthy hip joints and two populations 

presenting a joint disorder, with positive results in terms of subject-specific investigation of 

morphological characteristics describing hip joint articular surfaces, it is fair to say that the surface 

fitting framework used here and based on the work previously carried out by Lopes et al. (2015) is a 

helpful computer-aided orthopaedic diagnostic and surgery tool. It allows the study of articular 

morphology both in and out of surgical contexts, although situations where osteoarticular function 

needs to be restored can particularly benefit from such a tool, as that it gives quantitative information 

regarding global features of the spheroidal joint. In addition to the pre-operative planning applications 

and considering that the framework resorts to medical images, this tool can also perform a non-

invasive assessment of the surgical outcomes and provide navigation assistance during surgery, given 

the 3-D model constructed using the subject’s specific medical data. 

Thus, the advantages of the surface fitting framework can be summarized as having the potential 

to do the following:  

 Create accurate and subject-specific 3-D models of scanned data from medical images; 

 Perform detailed analysis on the scanned data to find the shape model that best fits the 

morphology of an articular surface, returning specific morphology information and 

morpho-functional parameters necessary for pre-surgical planning and prosthetic device 

decision-making; 

 Allow the comparison of shapes using signed Euclidean distances between data points 

and optimally fitted surfaces; 

 Be applicable to any implicitly represented shape models, particularly to non-spherical 

ones which may illustrate the morphology of both normal and pathological articular surface 

anatomy, allowing for a more accurate classification of the joint and the following of 

pathological cases through time. 

Considering the shape models used to perform the surface fitting procedure, these are global in 

nature, but present different degrees of freedom, meaning that some primitives are more limited in 

terms of representing morphological subject-specific variations, both inter- and intraspecific, than 

others. That is the case of spheres, rotational conchoids and (super)ellipsoids. (Super)ovoidal shapes, 

on the other hand, present a greater level of generalization, brought in some extent by the asymmetry 

parameters characterizing their geometry, allowing them to account for more complexity and individual 

morphology variation. For that reason, it was expected that these surfaces exhibited better fitting 

results for the given medical data than the remaining ones. 

In addition to the large collection of geometric primitives tested, the number of asymptomatic 

individuals considered in the combination of both studies described in the last two sections was the 

highest compared to similar studies on hip joint morphology. Therefore, the statistical significance of 

the data set can be regarded as satisfactory. 
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As it was mentioned in Sub-section 2.2.1, the methodology in place for 𝛼 angle determination and 

estimation of the amount of bone tissue needing to be removed in an osteotomy procedure to restore 

femoral head normal morphological features begins with the adjustment of a circle to the contour of 

the femoral head. However, it was demonstrated that the sphere is not the best fitting shape model to 

this articular surface, which leads to the conclusion that current practice must be revised. On the other 

hand, it has been shown that the variability inherent to the assessment of CE and AI angles based on 

visual inspection is far too high. Troelsen et al. (2010) reported that for 95% of the times a purely 

vision-based angle measurement was repeated, the new angle could be 10° higher or lower than the 

first assessment. Thus, a computational decision-making supporting tool could be highly benefitial for 

the orthopaedic community. In order to improve the adoption by medical professionals of a more 

subject-specific and objective protocol to investigate articular surface anatomy, the presented 

computational framework should be integrated into an isolated application. It would also be 

advantageous if the application could allow the user to mark a limited set of points on the medical 

images, in order to lead the surface fitting operations towards the most approximated shape 

describing the articular surface in question. However, it must be highlighted that the processing steps 

of segmentation and outlier elimination in the point clouds are stated to be the bottleneck of 3-D data 

processing tools, requiring assistance from a human operator. Therefore, the higher the degree of 

automation and accuracy of such a software, the more flexible and efficient it would be (Ahn, 2004) 

There are a few limitations to the methodology presented in this work whose understanding can 

motivate future developments and improvements. Firstly, it is necessary to take into account that 

bone-cartilage interface is not clearly delimited in CT images (Xi et al., 2003), increasing the difficulty 

in identifying the true contour of the articular surfaces of the hip joint and extracting the relevant 

anatomical and geometrical data which should be used in the surface fitting framework. Even though 

MR imaging provides a more distinguishable separation between bone and soft tissue, the particular 

case of the hip joint presents a very narrow space between the articular surfaces, and acetabular and 

femoral cartilage layers are not as discernable as the cartilage compartments in the knee joint, for 

example (Naish et al., 2006). Additionally, the segmentation procedure described in Sub-section 4.2.2 

involved, as mentioned, the manual correction of errors derived from semi-automatic segmentation. 

The accuracy of this correction is only as high as the a priori knowledge the user performing the 

correction has of the underlying anatomy of the structure being segmented.  

On the other hand, maintenance of original point data coordinates, which is vital to guarantee good 

approximation to the true geometry of the articular surface, becomes compromised by image and 

mesh artefacts resulting from 3-D reconstruction of the anatomical structures, although the 

displacement is 4 orders of magnitude smaller relative to the articular surface dimensions, keeping 

global features of the anatomical structure intact. Those artefacts include partial volume effect at the 

bone-cartilage interface and smoothed meshes originated from the application of the Laplacian filter, 

also described in Sub-section 4.2.2. The three-dimensional model reconstruction comprises an 

additional artefact related to the unnecessary local anatomical detailed represented by the excessive 

number of nodes within the bone mesh. Not only does this artefact lead to unreasonable 
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computational requirements, it may also divert global feature measurements. Proper point cloud 

processing, however, is used to downsample the number of nodes given to the surface fitting 

optimizer. The genetic algorithm used here is capable of overcoming the existence of various local 

minima resulting from the objective function guiding the surface fitting minimization problem, providing 

that the admissible set of initial approximations is rightly constrained, assuring a more homogeneous 

point selection. In this case, the optimizer begins its search already in the neighbourhood of the 

desired solution, which increases the chance of actually finding it. However, there is still no guarantee 

that the global minimum of the objective function has been achieved. 

Even though computational power requirements are significantly lowered by point cloud reduction, 

the performance of the genetic algorithm on which the surface fitting and Euclidean distance 

optimizers rely still takes a considerable amount of time. In the case of the latter, this time is related to 

the fact that, with the exception of the sphere, the geometric distance between a point and any of the 

surfaces used here cannot be expressed analytically, and the signed Euclidean distances must, 

therefore, be computed using a brute force approach.  

Finally, one could state that using two different imaging modalities to extract anatomical and 

geometrical data could affect the significance of the results, given that the segmentation principles 

behind CT and MR imaging are different. However, Goronzy et al. (2016) have compared CT- and 

MRI-based data on acetabular coverage, femoral torsion, and 3-D motion simulation in patients 

presenting FAI and concluded that both imaging techniques display approximated values for important 

morpho-functional metrics of the hip joint, such as acetabular version, 𝛼 angle and femoral torsion. 

Therefore, three-dimensional MRI sequences can be a good alternative to CT in the assessment of 

hip joint morphology, particularly when consistent with FAI disorder (Mascarenhas et al., 2016). Yet, 

the longer acquisition times associated to MRI scans must be compensated with positioning tools and 

planning, in order to prevent wrongful measurements of femoral torsion. It has been pointed out, 

however, that not all imaging techniques that accentuate bone tissue should be used to perform 

clinical diagnosis of hip joint conditions, since there is not interchangeability between all of them. One- 

and two-dimensional imaging techniques, such as X-ray, do not produce the same geometrical data 

as three-dimensional modalities (CT and some MR sequences), because there are different constrains 

affecting the acquisitions. This is the reason why radiography and CT cannot be compared for the 

purpose of identifying morphological features within the hip joint (Mascarenhas et al., 2015). 
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Chapter VI 

Conclusions and Future Work 

6.1 Conclusions 

In this work, a surface fitting framework was applied to smooth surfaces with the intention of studying 

their ability to describe the articular surfaces of the hip joint, in both asymptomatic and pathological 

conditions, and explore the idea introduced by MacConaill’s that this surfaces present an ovoidal 

shape. The accuracy of the approximation between the considered geometric primitives and the 

articular surface data relied on the maintenance of the topological and geometrical features of the 

extracted point clouds, throughout the framework. Morphological variability and complexity associated 

with the raw data were taken into account by the use of a genetic algorithm to solve the non-linear 

surface fitting minimization problem. The existence of a large set of possible initial approximations is 

overtaken by the robustness of the algorithm, but the admissible set must be correctly constrained for 

the solution to be close to the optimal. 

Furthermore, the process of three-dimensional reconstruction of the model from which the point 

clouds are extracted is applicable not only to computer tomography but also to any imaging technique 

which produces three-dimensional data, such as the magnetic resonance imaging modality. Thus, 

medical professionals and imaging technicians are free to choose the type of images that best 

features the anatomical information of the structures of interest, without needing to change any step in 

the surface fitting framework. 

Additionally, the goodness-of-fit of each shape model was analyzed both qualitatively, through 

visual examination, and quantitatively, according to the first-order statistical assessment of the 

physical distance (i.e., Euclidean distance) between each point in the point cloud and the optimally 

fitted surface. Both morphological studies presented here revealed the adjustment of the spherical 

shape to the two articular surfaces to be the worst among the hierarchy of shape models, regardless 

of the clinical presentation of the joint. Ovoidal shapes, on the other hand, approximated well not only 

to the femoral head but also to the acetabular cavity, thus validating MacConaill’s assumption for 

synovial joint classification. Results regarding the geometric parameters of the best-approximated 

surfaces and the surface fitting errors were considered reliable, given that their order of magnitude 

was identical to results from other morphological studies of the hip joint. 

Understanding the subjacent morphological features of a normal, asymptomatic hip joint is the first 

step in identifying, without reasonable doubt and in a standardized manner, abnormal and potentially 

pathological morphologies, such as the ones characterizing femoroacetabular impingement and hip 

dysplasia. This work allowed the comparison of the two conditions, revealing that, in general, articular 

surfaces of hip joints presenting femoroacetabular impingement approximated better to the tapered 

ellipsoidal shape than dysplastic hips. Given the connection these disorders may have to 

osteoarthritis, whose impact in the performance of daily activities is tremendous, it is vital that their 
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treatment results in hip joints with the best possible resemblance to the normal morphology, which 

appears not to be the case, considering the results here presented and the fact that current practice 

uses the sphere as representative of the femoral head morphology. Moreover, this framework 

provides professionals within the orthopaedic community with a non-invasive tool to measure subject-

-specific parameters characterizing both the morphology and mechanical function of the joint, which is 

useful in the monitoring of joint anatomical malformations through time. Not only can this give more 

insight into the development of these malformations and the link between them and the evolution 

towards osteoarthritis, but it can also help physicians decide on the best course of treatment. The 

more information they have at a given point in time, the easier it will be to intervene in an early stage 

of the disease. The subject specificity inherent to this framework allows the estimation of the extent of 

bone removal in an osteotomy to restore femoral head normal morphological features, improving the 

overall outcome of the procedure. 

In addition to improving the treatment of hip joint conditions which do not involve the replacement 

of the joint, the acceptance of synovial joints as having an ovoidal shape can contribute to the design 

of enhanced artificial joints. The higher the degree of similarity to the physiological joint, the better the 

mechanical behaviour of the prosthetic device, which in turn leads to an improvement in contact forces 

distribution and to lower wear rates, decreasing the risk of biocompatibility issues. 

 

6.2 Future Work 

It has been shown that the surfaces resulting from the application of the discussed surface fitting 

framework approximate well to the geometrical and anatomical aspects of the hip joint and, therefore, 

to its mobility patterns and stability. Thus, it seems only logical to assume that replacing the spherical 

design of current hip joint prosthetic devices with non-spherical shapes as a representation of the 

articular surfaces would lead to an improved mechanical behaviour of such devices and, 

consequently, to a superior resemblance to the normal joint. This hypothesis has already been 

introduced by previous morphological studies of the hip joint (Xi et al., 2003; Gu et al., 2010; Jiang et 

al., 2010; Gu et al., 2011; Liu, 2014). 

However, to the author’s knowledge, morpho-functional simulations using ovoidal and tapered 

ellipsoidal shapes as representations of the femoral head and acetabular cavity, respectively, have not 

been performed to this point. Given that these were the two shapes which presented best fitting 

results for the articular surfaces of the hip joint, the next step in understanding their true adjustment to 

both normal and pathological anatomical features of the latter is the estimation of the contact forces 

and moments, and the articular pressure patterns that result from the application of loads and stresses 

onto these surfaces. The estimated forces, moments and pressure patterns must then be compared to 

experimental data representing true physiological values, so that the hypothesis that ovoidal prosthetic 

devices conduce to better mechanical outputs can be either validated or refuted. 
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The morpho-functional simulations can follow two different mechanical modeling paradigms, 

multibody modeling or finite element modeling. The former, illustrated in Figure VI.1, considers a 

musculoskeletal system composed of several rigid or flexible bodies which are connected by kinematic 

constraints, such as joints, or force elements, such as dampers and actuators. It is, therefore, applied 

to solid mechanics, a branch of continuum mechanics focused on materials with a defined shape at 

the non-deformed state (Wikipedia). This formulation is particularly useful for kinematic and dynamic 

analyses, and computer modeling of bodies undergoing large displacements, including large rotations, 

and enables the estimation of muscle forces and joint loading (Shabana, 1997).  

 
Figure VI.1 - Multibody system, adapted from Shabana (1997). 

 

Finite element modeling is the prevailing discretization technique used to solve mathematical 

models of physical systems included in structural mechanics. It divides the model into a finite number 

of non-overlapping components whose geometry is much simpler to analyze than the overall one, thus 

creating a mesh which accurately represents the complex original geometry. Such components, 

represented in Figure VI.2, are called finite elements, or simply elements, and their response to the 

application of loads and stresses onto the model, which consist in finding approximated solutions to a 

boundary value problem for partial differential equations, is then assembled into a larger system of 

equations that models the entire problem. These approximated solutions aim at minimizing an 

associated error function and can capture local effects. This makes finite element modeling particularly 

useful in estimating tissue-level stresses and strains, such as peak contact forces and pressure 

distribution in the hip joint cartilage during gait cycles (Center for Aerospace Structures, University of 

Colorado, Gu et al., 2011; Jorge et al., 2014; Lourenço et al., 2015; Rego et al., 2010; Simões at al., 

2012; Wu et al., 2016). 

 

Figure VI.2 - Common geometries used to represent finite elements, for multi-dimensional problems (Center for Aerospace 

Structures, University of Colorado). 
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Even though both approaches are valid and present advantages relative to each other, it was given 

priority to multibody system simulations, given the fact that the geometric primitives formerly described 

are capable of not representing the local anatomical details contained in the medical images from 

which raw geometrical data is extracted. The limited number of parameters characterizing these shape 

models grants the system with enough simplification to facilitate its design and analysis, while 

simultaneously describing the mechanical behaviour of the synovial joint fairly well, although rigid body 

assumption for femoral head and acetabulum should be made with caution when considering cartilage 

contact modeling (Anderson et al., 2010). 

The environment in which these simulations were thought to take place is the open-source 

software OpenSim, a simulation toolkit for neuromusculoskeletal dynamics modeling (Seth et al., 

2011). Here, 3-D musculoskeletal models of the hip joint with spherical, ellipsoidal and ovoidal shapes 

can be built to simulate joint biomechanical function during gait, by being integrated into whole-body, 

forward dynamic simulations. From the compliant contact formulations built in OpenSim, the Elastic 

Foundation Method should be used, given its application in discrete geometric modeling and the fact 

that the optimally fitted surfaces resulting from the surface fitting framework are defined as triangular 

meshes. Values resulting from these simulations are then to be compared to experimental data from 

specialized databases of orthopaedic implants (OrthoLoad), and it is expected a good approximation 

between the two types of data, proving that ovoidal representations of the articular joint surfaces 

surpass the conventional ball-and-socket hip joint and even the spherical and ellipsoidal shapes.  

As an initial approach to the proposed study, simplified models of the contact geometries of 

articular surfaces were created, as shown in Figure VI.3. 

 
Figure VI.3 - OpenSim models considering different shapes to represent the articular joint surfaces. A: Acetabulum and femoral 

head modeled as ellipsoids (anterolateral view); B: Acetabulum and femoral head modeled as tapered ellipsoids (lateral view); 

C: Acetabulum and femoral head modeled as ovoids (lateral view). 

A

B C
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The acetabular cavity was modeled as a box whose indentation corresponded to the optimally fitted 

surfaces obtained for this articular surface from the fitting framework. The femoral head was directly 

represented by the surfaces previously acquired. These models followed the tutorials developed by 

Lopes and Machado (2012), in which forward-dynamics simulations were run to estimate contact 

forces between the surfaces both with and without dissipation effect. The single force considered in 

these simulations was the gravitational force, which was applied to the geometry representing the 

femoral head. Depending on the parameters set to run the forward dynamics simulations, such as time 

interval and maximum step size, the time taken to solve the equations of motion and compute contact 

forces varies. It is possible to store simulation results and plot different kinds of quantities after the 

simulation is completed. With regard to model A in Figure VI.3, the variation of position along the 𝒚 

axis and the magnitude of contact force, over time, for the femoral head is depicted in Figure VI.4. 

 
Figure VI.4 - (Left) Evolution of y-coordinate of the femoral head, over time; (Right) Magnitude of  the contact force between the 

femoral head and acetabular cavity, over time. 

 

There are additional hypotheses whose investigation is worthy of time investment, being one of 

which the study of the changes in articular joint surfaces’ morphology with ageing. It has been 

reported that the femoral head, for example, progresses towards a more spherical shape over time 

(Standring, 2015). Therefore, the tracking of the joint’s anatomical and geometrical features over time 

could potentially increase the understanding of its pathomorphological events. 

Furthermore, applying this surface fitting framework to individuals presenting no symptoms in either 

hip joint would allow inter-articular comparison for the same subject, which could possibly reveal side-

-dependent patterns of morphological and functional features. 
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A.1 

Appendix 

Appendix A  Individual surface fitting errors statistical analyses for both articular surfaces of 

populations composing the study on the comparison between asymptomatic and pathological hip joints 

Table A.1 - Surface fitting errors statistical analysis of the femoral head for each shape model and individual in asymptomatic condition. All metrics are represented in millimeters (mm). For each 

subject, the total number of points used in the optimization algorithm is indicated by N.  (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Subject Gender Age Side N  S E TE Subject Gender Age Side N  S E TE 

1 F 28 L 1200 𝝁 0.546 0.471 0.473 6 F 21 L 1200 𝝁 0.648 0.526 0.479 

𝝈 0.466 0.446 0.436 𝝈 0.551 0.468 0.451 

Min -2.466 -2.513 -2.445 Min -3.462 -2.061 -2.012 

Max -2.7×10-5 2.045 2.299 Max -2.0×10-4 2.700 2.830 

2 F 18 R 1200 𝝁 0.649 0.652 0.598 7 F 30 L 1200 𝝁 0.705 0.558 0.525 

𝝈 0.632 0.628 0.570 𝝈 0.528 0.468 0.471 

Min -3.464 -2.429 -2.196 Min -3.070 -2.103 -2.279 

Max -2.0×10-4 3.464 3.464 Max -9.0×10-5 2.686 2.834 

3 F 28 R 1200 𝝁 0.683 0.617 0.526 8 F 37 R 1200 𝝁 0.697 0.589 0.609 

𝝈 0.566 0.502 0.485 𝝈 0.596 0.542 0.510 

Min -3.404 -2.262 -2.211 Min -3.463 -1.960 -2.288 

Max -6.7×10-5 3.080 2.370 Max 1.592 3.100 3.170 

4 F 44 L 1200 𝝁 0.652 0.555 0.558 9 F 18 R 1200 𝝁 0.727 0.615 0.563 

𝝈 0.583 0.514 0.522 𝝈 0.566 0.524 0.486 

Min -3.462 -2.216 -2.515 Min -3.396 -2.683 -2.430 

Max -4.2×10-5 3.457 3.461 Max -5.0×10-4 2.374 2.374 

5 M 31 L 1200 𝝁 0.533 0.519 0.474 10 M 43 L 1200 𝝁 0.654 0.673 0.585 

𝝈 0.495 0.489 0.459 𝝈 0.607 0.602 0.562 

Min -2.965 -2.327 -2.021 Min -3.463 -2.348 -2.355 

Max -1.7×10-4 2.799 2.678 Max 0.000 3.463 3.463 

 



A.2 

Table A.1 - (Continuing) Surface fitting errors statistical analysis of the femoral head for each shape model and individual in asymptomatic condition. All metrics are represented in millimeters (mm). 

For each subject, the total number of points used in the optimization algorithm is indicated by N.  (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Subject Gender Age Side N  S E TE Subject Gender Age Side N  S E TE 

11 M 24 L 1200 𝝁 0.672 0.780 0.513 16 F 40 R 1200 𝝁 0.711 0.676 0.645 

𝝈 0.609 0.569 0.511 𝝈 0.650 0.655 0.642 

Min -3.464 -2.857 -2.379 Min -3.464 -2.624 -2.419 

Max -4.4×10-5 3.463 3.462 Max -1.0×10-4 3.464 3.464 

12 M 42 R 1200 𝝁 0.598 0.580 0.560 17 M 32 L 1200 𝝁 0.544 0.507 0.451 

𝝈 0.582 0.583 0.561 𝝈 0.573 0.556 0.544 

Min -3.464 -2.206 -2.609 Min -3.462 -2.495 -2.831 

Max 0.072 3.459 3.199 Max -1.2×10-4 3.464 3.458 

13 M 31 R 1200 𝝁 0.567 0.454 0.428 18 M 37 R 1200 𝝁 0.658 0.556 0.562 

𝝈 0.512 0.444 0.455 𝝈 0.531 0.503 0.513 

Min -3.370 -2.388 -2.309 Min -3.446 -2.456 -2.775 

Max -7.2×10-5 2.589 2.906 Max -9.5×10-5 2.842 2.499 

14 M 43 L 1200 𝝁 0.759 0.645 0.606 19 M 37 L 1200 𝝁 0.641 0.567 0.555 

𝝈 0.596 0.530 0.535 𝝈 0.590 0.544 0.527 

Min -3.458 -2.200 -2.630 Min -3.463 -2.282 -2.247 

Max -3.8×10-5 3.097 2.920 Max -5.2×10-5 3.463 3.423 

15 F 29 L 1200 𝝁 0.748 0.785 0.651 20 F 45 L 1200 𝝁 0.664 0.497 0.401 

𝝈 0.656 0.648 0.605 𝝈 0.497 0.442 0.395 

Min -3.464 -2.167 -2.462 Min -2.392 -2.313 -2.190 

Max -7.4×10-5 3.464 3.464 Max -5.7×10-5 2.312 2.001 

 

 

 



A.3 

Table A.2 - Surface fitting errors statistical analysis of the femoral head for each shape model and individual presenting femoroacetabular impingement syndrome. All metrics are represented in 

millimeters (mm). For each subject, the total number of points used in the optimization algorithm is indicated by N.  (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Subject Gender Age Side N  S E TE Subject Gender Age Side N  S E TE 

1 M 48 L 1200 𝝁 0.405 0.348 0.341 6 M 38 R 1200 𝝁 0.609 0.426 0.396 

𝝈 0.391 0.383 0.375 𝝈 0.469 0.413 0.397 

Min -2.002 -2.589 -2.397 Min -2.271 -1.983 -2.035 

Max -6.0×10-5 1.974 2.026 Max -1.0×10-4 2.657 2.547 

2 M 38 L 1200 𝝁 0.531 0.500 0.442 7 M 21 L 1200 𝝁 0.588 0.565 0.443 

𝝈 0.475 0.448 0.407 𝝈 0.516 0.495 0.449 

Min -2.926 -2.235 -2.134 Min -3.461 -3.426 -2.543 

Max -4.9×10-5 2.346 2.132 Max -6.2×10-5 2.168 2.194 

3 M 32 R 1200 𝝁 0.624 0.532 0.502 8 M 41 L 1200 𝝁 0.486 0.513 0.459 

𝝈 0.497 0.453 0.469 𝝈 0.497 0.472 0.419 

Min -2.546 -2.802 -2.838 Min -3.078 -2.707 -2.061 

Max -1.2×10-4 2.358 2.462 Max -6.7×10-5 2.787 2.672 

4 F 44 L 1200 𝝁 0.471 0.423 0.375 9 M 38 R 1200 𝝁 0.429 0.379 0.332 

𝝈 0.420 0.423 0.392 𝝈 0.437 0.393 0.366 

Min -2.702 -2.624 -2.105 Min -2.289 -2.331 -2.001 

Max -4.1×10-5 1.816 1.976 Max -4.4×10-5 2.391 2.216 

5 M 34 R 1200 𝝁 0.557 0.406 0.417 10 M 41 L 1200 𝝁 0.472 0.440 0.440 

𝝈 0.466 0.407 0.422 𝝈 0.491 0.435 0.438 

Min -2.522 -2.030 -2.216 Min -3.435 -2.664 -2.874 

Max -2.7×10-5 1.823 2.892 Max -8.3×10-5 2.247 1.803 
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Table A.2 - (Continuing) Surface fitting errors statistical analysis of the femoral head for each shape model and individual presenting femuroacetabular impingement syndrome. All metrics are 

represented in millimeters (mm). For each subject, the total number of points used in the optimization algorithm is indicated by N (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Subject Gender Age Side N  S E TE Subject Gender Age Side N  S E TE 

11 F 45 R 1200 𝝁 0.527 0.439 0.424 16 M 38 L 1200 𝝁 0.426 0.328 0.298 

𝝈 0.449 0.439 0.414 𝝈 0.416 0.374 0.365 

Min -2.458 -2.292 -2.213 Min -2.188 -2.214 -2.718 

Max -1.3×10-4 2.191 1.697 Max -1.1×10-4 2.071 2.138 

12 F 36 R 1200 𝝁 0.586 0.526 0.499 17 M 35 R 1200 𝝁 0.390 0.365 0.320 

𝝈 0.471 0.457 0.435 𝝈 0.377 0.395 0.379 

Min -2.391 -2.500 -2.210 Min -2.568 -2.109 -2.407 

Max -5.8×10-5 2.072 2.147 Max -9.4×10-5 2.029 2.393 

13 F 37 L 1200 𝝁 0.502 0.412 0.400 18 F 38 R 1200 𝝁 0.457 0.341 0.312 

𝝈 0.436 0.418 0.408 𝝈 0.423 0.400 0.366 

Min -2.594 -2.274 -2.067 Min -2.173 -2.238 -2.054 

Max -8.8×10-5 2.084 2.284 Max -1.1×10-4 2.365 2.137 

14 M 35 R 1200 𝝁 0.864 0.672 0.582 19 F 53 L 1200 𝝁 0.492 0.599 0.490 

𝝈 0.631 0.536 0.465 𝝈 0.445 0.450 0.437 

Min -3.464 -3.178 -2.175 Min -2.180 -2.276 -2.293 

Max -1.6×10-4 2.406 2.108 Max -1.4×10-4 2.055 2.083 

15 M 48 L 1200 𝝁 0.487 0.477 0.429 20 F 37 R 1200 𝝁 0.511 0.469 0.385 

𝝈 0.469 0.459 0.433 𝝈 0.470 0.441 0.387 

Min -2.356 -2.537 -2.510 Min -2.363 -2.413 -2.190 

Max -5.7×10-5 2.525 2.043 Max -1.8×10-4 2.142 2.405 

 

 

 

 



A.5 

Table A.3 - Surface fitting errors statistical analysis of the femoral head for each shape model and individual presenting hip dysplasia. All metrics are represented in millimeters (mm). For each 

subject, the total number of points used in the optimization algorithm is indicated by N.  (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Subject Gender Age Side N  S E TE Subject Gender Age Side N  S E TE 

1 M 42 L 1200 𝝁 0.632 0.492 0.469 6 F 31 R 1200 𝝁 0.574 0.436 0.510 

𝝈 0.496 0.425 0.422 𝝈 0.447 0.407 0.440 

Min -2.621 -2.699 -2.030 Min -2.772 -2.217 -2.246 

Max -1.5×10-4 2.129 2.291 Max -9.6×10-5 2.040 2.296 

2 F 27 L 1200 𝝁 0.550 0.463 0.484 7 F 41 R 1200 𝝁 0.583 0.404 0.341 

𝝈 0.465 0.418 0.437 𝝈 0.440 0.399 0.383 

Min -2.536 -2.657 -2.328 Min -2.349 -2.469 -2.476 

Max -7.3×10-5 1.977 2.475 Max 2.500 2.034 2.194 

3 F 14 R 1200 𝝁 0.463 0.406 0.389 8 F 31 R 1200 𝝁 0.453 0.401 0.423 

𝝈 0.440 0.423 0.402 𝝈 0.425 0.410 0.427 

Min -2.496 -2.607 -2.293 Min -2.450 -1.980 -2.376 

Max 0.049 2.026 2.621 Max -1.8×10-4 1.832 2.416 

4 F 14 R 1200 𝝁 0.369 0.327 0.339 9 F 41 R 1200 𝝁 0.588 0.492 0.510 

𝝈 0.393 0.368 0.380 𝝈 0.485 0.427 0.441 

Min -2.381 -2.334 -2.136 Min -2.692 -2.806 -2.274 

Max -3.4×10-5 1.960 2.369 Max -2.1×10-5 2.151 2.248 

5 F 45 L 1200 𝝁 0.362 0.355 0.361 10 F 30 L 1200 𝝁 0.524 0.409 0.393 

𝝈 0.388 0.395 0.407 𝝈 0.448 0.410 0.414 

Min -2.162 -2.340 -2.222 Min -2.591 -2.322 -2.282 

Max -4.6×10-5 1.753 2.120 Max -6.2×10-5 1.922 1.804 
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Table A.3 - (Continuing) Surface fitting errors statistical analysis of the femoral head for each shape model and individual presenting hip dysplasia. All metrics are represented in millimeters (mm). 

For each subject, the total number of points used in the optimization algorithm is indicated by N.  (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Subject Gender Age Side N  S E TE Subject Gender Age Side N  S E TE 

11 F 41 L 1200 𝝁 0.715 0.673 0.600 16 M 33 R 1200 𝝁 0.678 0.467 0.417 

𝝈 0.465 0.466 0.440 𝝈 0.493 0.411 0.413 

Min -2.668 -2.466 -2.539 Min -2.550 -1.972 -2.560 

Max -1.2×10-4 2.485 2.349 Max -1.1×10-4 2.374 1.987 

12 F 27 L 1200 𝝁 0.523 0.441 0.473 17 M 49 R 1200 𝝁 0.534 0.374 0.392 

𝝈 0.456 0.429 0.439 𝝈 0.443 0.399 0.395 

Min -2.399 -2.215 -2.357 Min -2.488 -2.376 -1.980 

Max -1.2×10-4 2.110 2.304 Max -4.5×10-5 2.035 1.815 

13 F 32 L 1200 𝝁 0.781 0.656 0.602 18 M 42 L 1200 𝝁 0.637 0.517 0.477 

𝝈 0.515 0.505 0.483 𝝈 0.506 0.464 0.440 

Min -2.412 -2.178 -2.689 Min -2.514 -2.103 -2.694 

Max -5.0×10-5 2.527 2.456 Max -6.5×10-5 2.329 2.226 

14 F 25 R 1200 𝝁 0.419 0.348 0.343 19 M 39 R 1200 𝝁 0.654 0.470 0.433 

𝝈 0.398 0.360 0.385 𝝈 0.481 0.457 0.404 

Min -2.640 -2.134 -1.907 Min -2.698 -2.347 -2.049 

Max -4.5×10-5 2.224 2.358 Max -8.1×10-5 2.140 2.448 

15 F 46 R 1200 𝝁 0.943 0.521 0.528 20 M 29 R 1200 𝝁 0.584 0.522 0.489 

𝝈 0.610 0.446 0.419 𝝈 0.465 0.462 0.477 

Min -2.850 -2.423 -2.096 Min -2.689 -2.743 -2.698 

Max -4.4×10-4 2.776 2.144 Max 1.474 2.207 2.403 
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Table A.4 - Surface fitting errors statistical analysis of the acetabular cavity for each shape model and individual in asymptomatic condition. All metrics are represented in millimeters (mm). For each 

subject, the total number of points used in the optimization algorithm is indicated by N.  (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Subject Gender Age Side N  S E TE Subject Gender Age Side N  S E TE 

1 F 28 L 1200 𝝁 1.175 0.970 0.830 6 F 21 L 1200 𝝁 0.730 0.583 0.671 
𝝈 0.692 0.604 0.561 𝝈 0.495 0.465 0.488 

Min -3.458 -3.458 -2.916 Min -2.310 -2.267 -2.310 
Max -1.7×10-4 2.501 2.491 Max -7.7×10-5 2.521 2.382 

2 F 18 R 1200 𝝁 0.851 0.791 0.857 7 F 30 L 1200 𝝁 0.780 0.673 0.597 
𝝈 0.596 0.596 0.520 𝝈 0.516 0.508 0.512 

Min -3.464 -2.885 -2.814 Min -3.463 -3.071 -2.867 
Max -6.8×10-5 2.660 2.511 Max -4.1×10-5 2.489 2.478 

3 F 28 R 1200 𝝁 1.081 0.837 0.749 8 F 37 R 1200 𝝁 0.687 0.513 0.479 
𝝈 0.625 0.577 0.514 𝝈 0.464 0.426 0.408 

Min -3.460 -2.935 -3.449 Min -2.504 -2.280 -1.984 
Max -2.1×10-4 2.367 2.467 Max -1.4×10-4 2.013 2.364 

4 F 44 L 1200 𝝁 0.906 0.679 0.555 9 F 18 R 1200 𝝁 0.670 0.612 0.588 
𝝈 0.596 0.499 0.479 𝝈 0.488 0.469 0.520 

Min -2.919 -2.678 -2.686 Min -2.407 -2.510 -2.781 
Max -3.8×10-4 2.276 2.283 Max -6.3×10-5 2.461 2.537 

5 M 31 L 1200 𝝁 0.722 0.577 0.519 10 M 43 L 1200 𝝁 0.664 0.625 0.648 
𝝈 0.521 0.495 0.450 𝝈 0.520 0.494 0.483 

Min -2.899 -2.523 -2.246 Min -2.663 -2.882 -2.357 
Max -7.2×10-5 2.779 2.435 Max -7.6×10-5 2.163 2.465 
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Table A.4 - (Continuing) Surface fitting errors statistical analysis of the acetabular cavity for each shape model and individual in asymptomatic condition. All metrics are represented in millimeters 

(mm). For each subject, the total number of points used in the optimization algorithm is indicated by N.  (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Subject Gender Age Side N  S E TE Subject Gender Age Side N  S E TE 

11 M 24 L 1200 𝝁 0.606 0.486 0.530 16 F 40 R 1200 𝝁 0.842 0.569 0.603 
𝝈 0.471 0.439 0.478 𝝈 0.541 0.468 0.476 

Min -2.651 -2.519 -2.288 Min -2.610 -2.329 -2.355 
Max -5.9×10-5 2.033 2.465 Max -1.2×10-4 2.356 2.877 

12 M 42 R 1200 𝝁 0.812 0.634 0.675 17 M 32 L 1200 𝝁 0.866 0.671 0.659 
𝝈 0.511 0.467 0.469 𝝈 0.549 0.506 0.497 

Min -2.811 -2.277 -2.569 Min -3.168 -2.226 -2.819 
Max -2.2×10-4 2.482 2.224 Max -3.0×10-5 2.422 2.943 

13 M 31 R 1200 𝝁 0.811 0.626 0.543 18 M 37 R 1200 𝝁 0.775 0.597 0.552 
𝝈 0.565 0.504 0.477 𝝈 0.505 0.469 0.455 

Min -2.903 -2.764 -2.311 Min -2.508 -2.374 -2.057 
Max -1.3×10-4 2.420 2.268 Max -1.9×10-4 2.786 2.234 

14 M 43 L 1200 𝝁 0.839 0.729 0.568 19 M 37 L 1200 𝝁 0.670 0.534 0.580 
𝝈 0.524 0.504 0.465 𝝈 0.470 0.469 0.479 

Min -2.697 -2.287 -3.117 Min -2.295 -2.296 -2.363 
Max -6.7×10-5 2.243 2.211 Max -7.0×10-5 1.987 2.146 

15 F 29 L 1200 𝝁 0.616 0.540 0.494 20 F 45 L 1200 𝝁 0.684 0.559 0.516 
𝝈 0.483 0.431 0.411 𝝈 0.485 0.492 0.450 

Min -2.693 -2.187 -2.188 Min -2.607 -2.572 -2.557 
Max -1.2×10-4 1.846 1.991 Max -4.5×10-5 2.789 2.338 
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Table A.5 - Surface fitting errors statistical analysis of the acetabulum for each shape model and individual presenting femoroacetabular impingement syndrome. All metrics are represented in 

millimeters (mm). For each subject, the total number of points used in the optimization algorithm is indicated by N.  (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Subject Gender Age Side N  S E TE Subject Gender Age Side N  S E TE 

1 M 48 L 1200 𝝁 0.701 0.587 0.587 6 M 38 R 1200 𝝁 0.934 0.749 0.685 
𝝈 0.476 0.432 0.452 𝝈 0.564 0.516 0.497 

Min -2.450 -2.318 -2.406 Min -2.801 -2.980 -2.384 
Max -6.9×10-5 2.443 2.186 Max -2.5×10-5 2.486 2.431 

2 M 38 L 1200 𝝁 0.784 0.624 0.554 7 M 21 L 1200 𝝁 0.935 0.762 0.677 
𝝈 0.516 0.487 0.451 𝝈 0.568 0.515 0.480 

Min -2.644 -2.293 -2.546 Min -3.146 -2.804 -2.349 
Max 2.301 2.548 2.096 Max -1.6×10-4 2.536 2.600 

3 M 32 R 1200 𝝁 0.606 0.501 0.472 8 M 41 L 1200 𝝁 0.725 0.624 0.578 
𝝈 0.511 0.469 0.432 𝝈 0.516 0.472 0.476 

Min -2.496 -2.467 -2.515 Min -2.478 -2.643 -2.574 
Max -6.8×10-5 2.612 2.369 Max -6.0×10-5 2.235 2.345 

4 F 44 L 1200 𝝁 0.566 0.482 0.438 9 M 38 R 1200 𝝁 0.731 0.619 0.628 
𝝈 0.437 0.414 0.418 𝝈 0.525 0.481 0.493 

Min -2.412 -2.711 -2.590 Min -3.065 -2.421 -2.606 
Max -3.6×10-5 2.128 1.982 Max -9.2×10-5 2.180 2.080 

5 M 34 R 1200 𝝁 0.862 0.644 0.598 10 M 41 L 1200 𝝁 0.700 0.536 0.551 
𝝈 0.517 0.462 0.477 𝝈 0.509 0.482 0.464 

Min -2.953 -2.363 -2.287 Min -3.079 -2.504 -2.684 
Max -1.1×10-4 2.452 2.465 Max -1.4×10-5 2.286 2.377 
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Table A.5 - (Continuing) Surface fitting errors statistical analysis of the acetabulum for each shape model and individual presenting femoroacetabular impingement syndrome. All metrics are 

represented in millimeters (mm). For each subject, the total number of points used in the optimization algorithm is indicated by N.  (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Subject Gender Age Side N  S E TE Subject Gender Age Side N  S E TE 

11 F 45 R 1200 𝝁 0.708 0.569 0.550 16 M 38 L 1200 𝝁 0.661 0.553 0.503 
𝝈 0.476 0.457 0.458 𝝈 0.464 0.467 0.457 

Min -2.774 -2.155 -2.079 Min -2.693 -2.465 -2.542 
Max -6.6×10-5 2.317 2.220 Max -1.0×10-4 2.014 2.432 

12 F 36 R 1200 𝝁 0.434 0.453 0.430 17 M 35 R 1200 𝝁 0.827 0.640 0.652 
𝝈 0.403 0.419 0.409 𝝈 0.558 0.481 0.483 

Min -2.479 -2.444 -2.057 Min -2.762 -2.303 -2.370 
Max -7.6×10-5 2.171 2.103 Max -1.2×10-4 2.063 2.413 

13 F 37 L 1200 𝝁 0.767 0.629 0.633 18 F 38 R 1200 𝝁 0.599 0.530 0.478 
𝝈 0.501 0.462 0.450 𝝈 0.468 0.463 0.454 

Min -2.724 -2.687 -2.235 Min -2.381 -2.827 -2.538 
Max 0.685 2.058 2.236 Max -9.2×10-5 2.295 2.208 

14 M 35 R 1200 𝝁 1.064 0.808 0.641 19 F 53 L 1200 𝝁 0.737 0.568 0.556 
𝝈 0.579 0.500 0.482 𝝈 0.501 0.469 0.457 

Min -3.240 -2.732 -2.622 Min -2.650 -2.151 -2.285 
Max -1.2×10-4 2.470 2.033 Max -1.1×10-4 2.122 2.270 

15 M 48 L 1200 𝝁 0.802 0.662 0.650 20 F 37 R 1200 𝝁 0.705 0.581 0.544 
𝝈 0.508 0.495 0.478 𝝈 0.484 0.451 0.453 

Min -2.803 -2.580 -2.401 Min -2.542 -2.604 -2.726 
Max -1.3×10-4 2.473 2.538 Max -2.0×10-5 2.158 2.476 
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Table A.6 - Surface fitting errors statistical analysis of the acetabular cavity for each shape model and individual presenting hip dysplasia. All metrics are represented in millimeters (mm). For each 

subject, the total number of points used in the optimization algorithm is indicated by N.  (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Subject Gender Age Side N  S E TE Subject Gender Age Side N  S E TE 

1 M 42 L 1200 𝝁 0.820 0.642 0.578 6 F 31 R 1200 𝝁 0.770 0.562 0.581 

𝝈 0.551 0.491 0.481 𝝈 0.569 0.477 0.494 

Min -3.031 -2.921 -2.982 Min -3.432 -2.501 -2.593 

Max -7.3×10-5 2.231 2.535 Max -5.3×10-5 1.914 2.131 

2 F 27 L 1200 𝝁 0.742 0.511 0.470 7 F 41 R 1200 𝝁 0.653 0.588 0.661 

𝝈 0.506 0.458 0.454 𝝈 0.498 0.468 0.502 

Min -3.424 -2.233 -2.522 Min -2.808 -2.774 -2.587 

Max -5.8×10-5 2.547 2.278 Max -2.5×10-4 2.608 2.406 

3 F 14 R 1200 𝝁 0.562 0.501 0.438 8 F 31 R 1200 𝝁 0.916 0.737 0.704 

𝝈 0.442 0.445 0.420 𝝈 0.574 0.514 0.517 

Min -2.342 -2.125 -2.099 Min -3.134 -2.828 -3.001 

Max -1.0×10-4 2.029 2.115 Max -1.3×10-4 2.501 2.369 

4 F 14 R 1200 𝝁 0.639 0.545 0.528 9 F 41 R 1200 𝝁 0.793 0.657 0.697 

𝝈 0.487 0.454 0.438 𝝈 0.506 0.476 0.496 

Min -2.569 -2.679 -2.144 Min -2.528 -2.558 -2.359 

Max -5.2×10-5 2.196 1.993 Max -1.1×10-4 2.209 2.362 

5 F 45 L 1200 𝝁 0.595 0.531 0.498 10 F 30 L 1200 𝝁 0.792 0.565 0.556 

𝝈 0.479 0.474 0.436 𝝈 0.515 0.476 0.470 

Min -2.748 -2.635 -2.822 Min -3.013 -2.433 -2.516 

Max -1.5×10-4 2.471 2.297 Max -1.4×10-4 2.415 2.268 
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Table A.6 - (Continuing) Surface fitting errors statistical analysis of the acetabular cavity for each shape model and individual presenting hip dysplasia. All metrics are represented in millimeters 

(mm). For each subject, the total number of points used in the optimization algorithm is indicated by N.  (S - Sphere; E - Ellipsoid; TE - Tapered Ellipsoid). 

Subject Gender Age Side N  S E TE Subject Gender Age Side N  S E TE 

11 F 41 L 1200 𝝁 0.767 0.638 0.593 16 M 33 R 1200 𝝁 0.814 0.727 0.545 

𝝈 0.483 0.442 0.426 𝝈 0.544 0.480 0.494 

Min -3.332 -2.332 -2.189 Min -3.029 -2.792 -2.449 

Max -1.2×10-4 2.412 2.317 Max -9.1×10-5 2.311 2.382 

12 F 27 L 1200 𝝁 0.580 0.447 0.435 17 M 49 R 1200 𝝁 0.747 0.616 0.598 

𝝈 0.600 0.508 0.526 𝝈 0.496 0.457 0.456 

Min -2.593 -2.509 -2.482 Min -2.775 -2.538 -2.767 

Max -6.3×10-5 2.062 1.755 Max -6.6×10-5 2.255 2.218 

13 F 32 L 1200 𝝁 1.060 0.831 0.799 18 M 42 L 1200 𝝁 0.620 0.515 0.496 

𝝈 0.527 0.455 0.462 𝝈 0.496 0.457 0.456 

Min -2.623 -2.804 -2.507 Min -2.951 -2.581 -2.272 

Max -1.7×10-4 2.255 2.605 Max 0.834 2.232 2.230 

14 F 25 R 1200 𝝁 0.581 0.507 0.545 19 M 39 R 1200 𝝁 0.737 0.636 0.626 

𝝈 0.546 0.498 0.501 𝝈 0.520 0.506 0.501 

Min -2.934 -2.653 -2.394 Min -2.687 -2.327 -2.477 

Max -1.1×10-4 1.971 2.549 Max -6.2×10-5 2.070 2.250 

15 F 46 R 1200 𝝁 0.845 0.732 0.705 20 M 29 R 1200 𝝁 0.768 0.547 0.545 

𝝈 0.545 0.528 0.488 𝝈 0.506 0.454 0.459 

Min -2.675 -2.409 -2.485 Min -2.948 -2.540 -2.299 

Max -7.7×10-5 2.734 2.563 Max -6.8×10-5 2.371 2.186 

 

 


